PHOT 504: Quantum Photonics

Quiz 1: questions & solutions

Michaél Barbier, Spring (2025-2026)

Exam questions

Grading: Each quiz counts for 20% of your total grade. Each question is valued equally
in the score calculation.

Exam type: Closed-book, all questions can be answered using only pen and paper.
Calculators, mobile phones, etc. are not allowed to be used during the exam.

The duration of the quiz is 1 hour.

This document contains both the problems and their solutions.

Hints given: For Hermitian Q: Q, = ¢, ¢, = e, : ¢ = D Colns (@) =
>, lenl?a,

L.=L,%iL, L Yy =h/U—m)I+m+1)Y"" LY =h/+m)l—m+1)y"!

For the hydrogen atom, the 1s (ground state) and 2p, state are given by:
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Question 1: 3D infinite well

Consider a particle in a 3D cubic box with sidelength L, that is: V(x,y, z) = 0 inside the
box: 0 < z,y,z < L, and V(z,y, z) = +0oo otherwise. Stationary solutions are:

/| 8 n,m
eigenstates ¢nmnynz (Iyy,z) = ﬁ sin (nx-[?jx) sin ( y[/ y) sin (nzlirz)

h2nm?
eigenenergies E, ., . =
xllylbz 2mL2

(n2 +n2 4+ n2)

(a) Calculate the expectation value 02 = (22) — ()2 for ¥(z,y, 2) = q31 (2, Y, 2),

(b) Then consider the superposition w(% Y, Z) =A (%23 (.I', Y, Z) + %12(50; Y, Z) + %21(33; Y, Z))
with A a normalization constant. What is the expectation value for the energy (H)?



Solution (Q1)

(a) For the expectation value 02 = (%) — (z)? we first calculate (). In the following we
use that the 3D eigenstate is a product of 1D orthonormal eigenstates of the 1D infinite

well: o3 (2, Y, 2) = Po(2)h3(y)1hy(2):

(x) = / z|as (2, y, 2)|?dx dy dz, V' is the box volume
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To obtain (x?) we repeat exactly the same steps except that x is replaced by z%:

(2?) = / 22 |2hgs; (2, y, 2)|?dx dy dz, V is the box volume
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The variance 02 = (x?) — (x)? becomes:
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Which is a positive value with distance square as unit and o < L/2 as it should for a
particle inside the box.



(b) The superposition ¥(z,y,2) = A(193(2,y,2) + V312(@, Y, 2) + V391 (2, y,2)) has
three nonzero coefficients Cnynyn,’ Cl23 = C312 = C391 = A. Since the coefficient should
fulfil > e =1 we have that 3|[A]? =1= A =1/3.
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Next we make use of the expansion of (H) in its eigenvalues (eigenenergies):
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Since the three eigenenergies are the same:
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Question 2: Bra-kets in finite dimensions

Assume that the Hamiltonian H of a two-level system is represented by:

H=x (_12 i) ) with eigenenergies: F;, =0, E, = 27y

(a) Calculate normalized eigenstates |1;) and |1,) corresponding to F; = 0 and Ey = 2.

(b) Find a time-dependent expression for the state |S(t)) if |S(0)) = (é) at t = 0.

Solution (Q2)

(a) First we double-check that the given eigenenergies are correct:

_P=E g2 _
0= ZF g = B = b2

resulting in the expected roots E; = 0 and F, = 27v. Next, we derive the eigenvectors
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(b) For the time-dependent expression of state |S(¢)) with |S(0)) = (é) at t =0, we
first observe that:
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Then we add the time-dependency factors e *#nt/h:
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Question 3: Ladder Operators for Angular Momentum Operators

Consider a hydrogen atom in state 2p,, that is v,,;,, = ¥91,-

(a) Derive an expression (without ladder operators) for the state 1 = A(L 4+ L )y
and find the normalization constant A.
(b) What is the expectation value of (L L) = (w210|L+|¢210>

Solution (Q3)

(a) We apply the ladder operators to 14;, making use of:
ernlm - h\/ [—m l+m+ 1) 7vbn,l,erb [/;f wn,l,m = h\/(l—i—m)(l—m—}— 1) ,Ivzjn,l,mfl

and we obtain:

Y= A(z++z—>w210 = AE+¢210+AIAJ_¢210 = ﬁ\@sz,l,1+h\/§sz,L—1 = hﬁA(¢2,1,—1+¢2,1,—1)

Since 9 is a superposition of two orthonormal eigenstates 15 ; ; and ¥, ; _;, the prefactor
hV2A = 5= A=1/2h.

(b) The expectation value of (L L) = (thg10|L +|1910) makes only sense from a mathemat-
ical point of view as L, is not Hermitian. Nevertheless we can calculate the value and
obtain that (L) is zero:

<Z+> = <¢210’E+’¢210> = h\/§<¢210|i+’¢211> =0
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