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SUMMARY OF WHAT WE KNOW

e Time-independent Schrodinger equation
e Find eigenstates and eigenenergies:
= complete basis: Solution is superposition of eigenstates
= orthonormal: Solution is superposition of eigenstates
e Special case(?) of free particles:
= Propagating waves ¥(z,t) oc ekt
= All energies can be reached
= Real solutions are given by wave packets

= Uncertainty between position and momentum
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SUMMARY OF WHAT WE KNOW

e Evolutionintime

= Phase factor depending on energy: gt Ent/h
= Higher energies change faster
» Superposition of bound states deform

» Free particles: wave packets have faster and slower components (dispersion)

Lecture 08 - 10: Dirac formalism



MATHEMATICS OF WAVE FUNCTIONS &
OBSERVABLES?

Wave functions

e Complete basis of orthonormal eigenstates

e Superposition is solution of linear Schrodinger equation

Observables

e Observables are linear operators

e Applying an operator to a wave function gives another wave function

-> Quantum mechanics can be described with linear algebra
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LINEAR ALGEBRA



FIELD OF COMPLEX NUMBERS

e The sets of rational (), real (R), and complex numbers (C) are fields:
m 2 operations: addition and multiplication
= identity elements: addition (0), multiplication (1)
= |nverse elements: addition (-x), multiplication (x*{-1})

= Commutativity, associativity, distributivity

Complex numbers z € C:

e Imaginary identity 7 =+/—1, 2 = —1

e Complex conjugate2*: z=x+1y— 2" =x—1Yy
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FIELD OF COMPLEX NUMBERS: PROPERTIES

Assume z=x + 1y € C:

Representation
Complex conjugate

Magnitude
Phase

Trigoniometry

Operations:

Addition
Multiplication

z=x+iy=re? =r(cosf+isinbh)
=z —iy=re ¥ =r(cosf—isinb)
2]* = 2" z = 22 + y* = M{z}? + T{2}?
60 = —iln(z/|z|) = arctan(y/x)

ei@ i e—’i@ ei@ . e—z'H

cosf = : sin 0 = ,
2 21

214+ 20 = (X1 +x2) + 1 (y1 + y2)

21 29 = r1reeO1702)

Lecture 08 - 10: Dirac formalism



VECTOR SPACES
Avector space V = {|a), |8),|7), - - -} overfield FF = C:

o Addition of vectors |a) + |B) € V

e Scalar multiplicationc|a) € V

Property name rule

(Addition) Commutative a) +|B8) = |B) + |a)

(Addition) Associative la) + (|8) + |7) = (la) + 18)) + |7)
(Addition) Identity 0+ |8) =|B) forall|B)
(Addition) Inverse element forall |5),exists —|8) : —|B)+|B) =0
(Scalar) Compatible product c(d|a)) = (cd) |a)

(Scalar) Identity lla) = |a)

(Scalar) Distributivity c(la) +18)) =cl|B) + cla)
(Scalar) Distributivity (c+d)|a) =cla) +d|a)
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BASIS VECTORS

Linear independence
Avector |€) is linearly independent of { |a), | 8), |7), - . .}
< no linear combination: |£) = a|a) + b|B) + c|y) + ...

Example: in 3D vector space:

e Vector (z,y, z) = (0,1,1) is linearly independent from {(1, 1, 0), (1,0,0)}
e BUT..(0,1,1)isdependentto{(—1,1,0), (1,0,1)}

Basis vectors:

e Avectorsetis linear independent if each of them is independent from the others.
e The span of a vector set is the subset of vectors formed by linear combinations

e Alinear independent vector set is a basis if it spans the whole space
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BASIS VECTORS

Suppose a finite set of n basis vectors:

{lew), le2),. .., len) }
Each vector |a) can be written as superposition:
@) = airler) + azlez) +-- -+ anlen)
In component notation for specific basis:
o) = (a1,a9,...,a;,)
— Simplifies understanding the properties:

0) + |a) = |a) = 0) =(0,0,...,0)
@) +|—a)=10) = |-a)=(-a1,—a...,~an)
o) +¢|B) = |a) +c|B) = (a1 + cbi,as + cby,
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NORMED VECTOR SPACE

e There exists a norm or length of a vector | 3) given by ||3]| = || |8)]]
Property name rule
Non-negative 18] >0
Positive definite 18] =0« |B) = 1|0)
Absolute homogeneity Hcﬂu — ’C‘ HﬁH
Triangle inequality ey +[B) < [leel| + [ 8]

e Distance corresponding to norm:

d(8), |a)) = l[le) = B

e Exampledistance:  d((z1,%1), (2,¥2)) = /(T2 — 21)? + (y2 — y1)?
e Examplenorm: [|(3,4)]| = v/3% +4> = /25 =5
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INNER PRODUCT VECTOR SPACE

e Aninner product of a vector space:

(al, [B)) = (alf) — ceC

Property name rule

conjugate symmetry <5’04>* = (a|B)

linearity 2nd argument (a|(c|B) + d|v))) = c(a|B) + d{a|y)
= conjugate linear 1st ((cla)y +d|B)) |v) = c* (aly) + d" (B]v)
positive definite (B|B) >0

e The norm is defined by

18Il =1/ (BIB)
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ORTHONORMAL BASIS VECTORS

e Avector () isnormalized < ||B]| =1
e Avector|8) L |la) <« (alB) =0
e Orthonormal set of vectors: (o |a;) = d;;

o Always possible to find an orthonormal basis!

— In component notation: (|8) = ab; + -+ + a};by

The norm is given by:

la|®> = (a]a) = a*by + -+ +akb,  with a; =

with a; = (e;|a)

ar|® + -

In R™ the angle between two vectorsisa - b = ||al|||b|| cos(0):

V{(a]B) (Bla)

0sf =
]| 8]
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IMPORTANT THEOREMS

e The dimension 1 (= number of basis vectors) is constant for a vector space.
e Gram-Schmidt procedure: any basis — orthonormal basis.

e Schwartz inequality:

(a|B)° < (ala) (8|8)

e Triangle inequality:

ey +18) 1| < [l + 11817
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OPERATORS: LINEAR TRANSFORMATIONS

e linear transformations 1':

o) = T o) linearity: T(c]a> +d|f)) = aT!a> + bfﬂﬁ}

e If we know the basis vectors |eq), . .., |e,):

o) =T |a)
=T (arler) + -+ + anlen))
=T ailer) + -+ T ayle,)
=a1Tle))+-+a,T |e)

— i a; T ’€z>
1=1
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OPERATORS: MATRIX NOTATION

e If we know the basis vectors |e1), ..., |e,):
n A
7o) =Y a,7 e,
=1

SECE SEEIEESD 9) DEE RS of p o I
71=1 7=1 =1 1=1 7=1
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OPERATORS: MATRIX NOTATION

:>T\a>:§:ajf\e] ZZ% Tijle:)
=1

Jj=1 1=

Operator T' as a matrix T}; for basis {|e1 ) ,

a; = 1ija;
—1
And the matrix:
( Ty 119 T1n \
Ty 1o To,
1ij = . L . with  Tj; =
\Tnl Tn2 vt Tnn )
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MATRICES AND VECTORS

If we have a basis basis {|e1) , ..., |en)}

An operator acting on a vector |«):

T\a> — Zﬂj&j —

J=1

(o1

as

o)

) =

/ Tin 112
Tor T
\ Tnl Tn2
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OPERATORS AND MATRIX PROPERTIES

e Adding two operators:

e Performing multiple operators U=ST:

Ula) = 8T |a) — Uy; = Z SirTh;
k
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INTERMEZZO: MATRIX PRODUCTS

The matrix product between matrices A and B is defined as

g g bi1 bia b3
11 @12 Q13
A-B= ( ) ba1  boo  bog

as1 Qa2 Q3
bs1 bs2 b33

= aibi
j

e Rows of A are multiplied by columns of B.

e Ayn - Byg < No. columns of A must equal No. rows of B
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OPERATORS AND MATRIX PROPERTIES

e Transpose ofamatrix 7T = T’
= symmetric: T=T
= antisymmetricc T = —T

e Complex conjugate of amatrix T* = TZ’J‘
= real: T =T
» imaginary: T* = -T

e Hermitian conjugate of a square matrix TH=T" = T]"Z‘
= Hermitian: T =T

= skew hermitian: 77T = —-T
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BRA-KET NOTATION AND INNER PRODUCTS

e Theinner product for orthonormal basis {|e1),... , |en)}

(a|B) = atby +atby +--- +aib, = a'b

e ket |f) is a column vector

e bra (] is a complex conjugate row vector

In vector notation:

(b

(a| — d=(a* af ... ay) |B) — b=

\b;)
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OPERATORS AND MATRIX PROPERTIES

Transpose of a matrix product ST = T' S
Hermitian of a matrix product (S T)T = T8t
InversematrixT 1T =TT 1 =1= 0ij
Inverse of a matrix product (.S T)_1 =T-1671
Unitary matrix UT = U1

Unitary operators preserve inner product:

(|8) = &b = (Ua)!(Ub) = alUTUb = a'b = (a|g)
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CHANGE OF BASIS

e Unitary matrices U(«— UT = U 1) preserve inner product
y
= Norm doesn’t change

= Angles between vectors don’t change
— Apply unitary transformation to orthonormal basis is again orthonormal basis
{le1),|e2)s---,|en)} el) =Ule;) isorthonormal

If T transforms a basis: a;) = T'|e;) to another orthonormal one: (a;|a;) = §;; = T'is
unitary:

= (a;|Te;) - TiT=1 = 7Ti=T7""1
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COMMUTATORS

e Matrix-multiplication not commutative <— Order of operators!

e Commutator of two operators/matrices

S, T]=8T —-T8+—[5,T|=8T—-TS5

e Anti-commutator of two operators/matrices

{$,TY=8T +T8S+— {S, T} =ST+TS
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EIGENVALUE PROBLEMS

Eigenvector x ## 0 and eigenvalues A of matrix A:

Ax =X x << (A1 -A)x=0

Because x # 0 the inverse of A1 — A cannot exist, because if it would:

(AMl1—-A)x=0

— (A1 -A) A1 -A)x=A-4)""0
— (A1 -A) A1 -A)x=0
—x=0
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EIGENVALUE PROBLEMS

Matrix (AL — A) not invertible — the determinant has to be zero

Solve characteristic equation:
det(A\1 —A) =0

Determinant is a “characteristic” polynomialin A
Highest order of A is the dimension NV of the NV X N matrix

Solving it means finding A\ values
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28



EXAMPLE EIGENVALUE PROBLEM

a= (22

This gives for the characteristic equation:  det(A1 — A) = 0:

o 1) (5 9=
:>det[(A? A_—24)]

M4A—-6=0— A=-2)(A+3)=0

0

The determinant is:



EXAMPLE EIGENVALUE PROBLEM CTU’D

e Find eigenvalues \;

e Eigenvectors by filling in a specific eigenvalue A;

AX:(_5 2) )\1:2, )\2:—3
—7 4

Eigenvector x; = (z,y) for A\ = 2

=706 2)6) -

Lecture 08 - 10: Dirac formalism
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EIGENVALUE PROBLEMS: LARGE MATRICES

e Inverse exists < determinant is nonzero

e Determinants of 3 X 3 or higher order matrices A:

aixr Qa2 Qi3
det(A) =det | ay; an ass

azip a3z Qs

asz2 Q23 as1 Qa3 az1 Qa2

ai; — aig +

a3

asz2 as3 asy ass as; aso
— (a22a33 — a23a32)a,11 — ...
Characteristic polynomial in A of order NV for N X NN matrix
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EIGENVALUE PROBLEMS: SIMPLIFY

e Reduce matrix A to simpler matrix B

e Transform matrix A by invertible matrix 7T":

B=T71AT — {\;} thesame
e Characteristic equation of upper (or lower) triangle matrices B:
(A=Db11)(A—b22) ... (A=byp) =0
e Derive eigenvalues and eigenvectors for B:

Eigenvalues N, = by
— . ,
Eigenvectors x'; of B =Tx;

Lecture 08 - 10: Dirac formalism

32



QUANTUM MECHANICS &
HILBERT SPACE



MATRIX-FORMALISM OF QUANTUM MECHANICS

o Works if only a finite sum of basis functions is used

e Approximations possible ?

! General case is PROBLEMATIC !

e Often: infinite number of basis functions
e Inner products might not be finite —> not normalizable

e Operators can have infinite expectation values ? Undefined ?
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GENERAL QUANTUM MECHANICAL FORMALISM

Mathematical correspondence:

e States: vectors in Hilbert space: L? square integrable functions
e Observables: Hermitian operators: T =T
e Measurements: Orthogonal projections

e Symmetries of the system: unitary operators: Ur=u-1

Dirac “bra-ket” notation: (bra|, |ket)

e A convenient way of writing

e Implicitly expresses the mathematical properties.
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PRE-HILBERT SPACES OR BANACH SPACES

A Cauchy series:

e an (infinite) sequence of vectorsv,, € V : v1,v9, 13, ...

e has property: for every small value € we can find a finite IV:

Vm,n>N: |v,—vp| <e withv,,v, €V

e A Cauchy series converges to a certain “vector” v that can be outside V.

A Banach space:

e Is anormed vector space
e Every Cauchy series converges to an element v of the vector space: v € V.
= Example: any Cauchy series of real numbers x,, € IR convergesin R

= Example: Cauchy series of rational numbers x,, = 2% € QQ doesn’t converge in Q
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HILBERT SPACES

A Hilbert space

e Has aninner product
e Hasits norm derived from the inner product: ||a|| = 1/ (a|a)

e |saBanach space

Vectors in Hilbert space are well-behaved

e Similar to vectors in RYY
e Existance of complete orthonormal basis
e Applying most linear operators gives again a vector in the same space

e Definition Hermitian conjugate of an operator:

(T a|B) = (a|TB)

Lecture 08 - 10: Dirac formalism
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SUMMARY OF VECTOR SPACES/PROPERTIES

Vector space:

= Addition: |a) + |B)

= Scalar multiplication: c |
Inner product: {a|5)
Norm: ||a|| = (a|a)
Banach space: Cauchy complete
Hilbert space:

= Cauchy complete

= Inner product with norm

Vector Normed Linear Space
S ace Absolutely
> Inner Product pomagensous Metric
Parallelism Space Space
D Angle Hilbert Space
BanaCh Distance
Space
Line ‘ Norm with
Linearity

Lecture 08 - 10: Dirac formalism
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WAVE FUNCTIONS IN HILBERT SPACE

Quantum mechanics — specific Hilbert space: L*(a, b)

e functions f(x) square integrable over interval |a, b]

b
1512 = / f(z)2de < o0

— f(xz) normalizable

e Inner product ( f|g) given by:

b
(Flg) = / fe)yg@)de <1 norm: | £ = /(1)

The last inequality requires normalized f(x) and g(x)
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WAVE FUNCTIONS IN HILBERT SPACE

e Schwartz inequality = inner product is finite

(fl9)] < \/{£1£){gl9)

e Orthonormal complete set of basis vectors {| f,,) }
b
Fnlfa) = [ fn@)' fa(a)de = 5o

b
H=Dalf,  a=(hl) = [ f@) i@

n

— We will use sometimes f, g instead of |¢), |1, ), etc. for (wave) functions
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OBSERVABLES
e Observables are represented by measurement operators
Q= [vQuds - (w)Qw

Since measurements need to be real: (Q) = (Q)*

(¥|QT) = (QU|T)

A

—> The operator Q = QJr is Hermitian

e Inafinite basis:  Hermitian operators < Hermitian matrices

Lecture 08 - 10: Dirac formalism
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WHICH OPERATORS ARE HERMITIAN?

e Checkthisfor p = —ih%:

(flpg) = (]~ ih—_g)
— ik / f(z)" di’g) dz
= —f(z)'g(x)|  +in / dfg)*
— iR / dfg)* g(z)dz
= (~ih 1o

— Important that f and g become zero atx = 00

Lecture 08 - 10: Dirac formalism
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DETERMINATE STATES OF OBSERVABLES

Perform independent measurements — different outcomes (probabilistic)
A determinate state — every time the same outcome

For a determinate state |¥) for @Q: @ — (Q) = qis a constant

=0’ = (@ —(Q))") =(¥[(Q - 9)*T) = (@ —9)¥|(Q — 9)T) =0
— (Q-9[¥)=1[0) — Q|¥)=q¥)

Hermitian operator Q has eigenvalue g

The determinate state is an eigenstate of Q

Lecture 08 - 10: Dirac formalism
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SPECTRUM: EIGENVALUES OF AN OPERATOR

Spectrum of an operator: all eigenvalues

e Multiplicity or degeneracy: same eigenvalue for 2 or more eigenstates

e Hamiltonian operator is the standard example

Hly) = E|y)

e Two types of spectra:
m Discrete spectrum: spaced eigenvalues, normalizable eigenstates (e.g. infinite well)

= Continuous spectrum: Continuous range of eigenvalues, non-normalizable
eigenstates (e.g. free particle)

» Possible mixture of both (e.g. finite well)
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SPECTRUM: EIGENVALUES OF AN OPERATOR

Eigenvalues
spectrum
Discrete spectrum Continuous spectrum Mixture of discrete &
Eigenfunctions: normalizable Eigenfunctions: NOT normalizable continuous spectrum
(Gn, ¥n) (Gns fn)
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DISCRETE SPECTRUM

1. Eigenvalues of operator Q are real:

Assume eigenvalue ¢ Q f=qf
= q(fIf) = (£lQf) = (QfIf) = ¢’ (£I7)

2. Eigenfunction of different eigenvalues are orthogonal
Assume: Qf = qf Qy=4d'g
—> ¢'(flg) = (flQg) = (QFlg) = ¢*(f|g)

:}q,:q*:q

Lecture 08 - 10: Dirac formalism
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DISCRETE SPECTRUM

Properties

1. Real eigenvalues
2. Eigenfunction of different eigenvalues are orthogonal: (i |frn) = dmn

3. Degenerate eigenvalues can exist, but we can choose orthonormal basis of those
eigenfunctions

4. Finite dimensional spaces are complete

Axiom: Any observable operator in Hilbert space has a complete basis of eigenfunctions

f@) =S efle)  with e = (lf) = [ fule) f(a)da

n

—> Observable operators are Hermitian and have a complete basis of eigenfunctions
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DISCRETE SPECTRUM: STATISTICAL INTERPRETATION

e wave function ¥(x, t) and eigenfunctions f,, : an = qn fn

e Wave function can be expanded in f,,:

U(z,t) = ch(t)fn(:c), with ¢, (t) = (fn|¥) = /fn(w)*\I!(w,t)da:

n

e Measure expectation with observable operator Q :  (¥|Q W)

—ZZCm t)qn fm( )| fn ()
= chm t)qn0mn Z|Cn dn
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SPECTRUM: EIGENVALUES OF AN OPERATOR

Eigenvalues
spectrum
Discrete spectrum Continuous spectrum Mixture of discrete &
Eigenfunctions: normalizable Eigenfunctions: NOT normalizable continuous spectrum
(Gn, ¥n) (Gns fn)
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INTERMEZZO: THE DIRAC DELTA FUNCTION

Dirac delta distribution:

{5(33#0):0
d(x=0) =+

/j&@zl

Limit of series of functions:

e peaked such as sinc(x) or Gaussian
e limit to infinitely thin and high

o Area kept normalized

Filters out single point:

fla) = [ f(z)d(z — a) dz
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CONTINUOUS SPECTRA

e Eigenfunctions/values continuous variable z — f,
e Eigenfunctions are NOT normalizable
e Solution: Assume real eigenvalues

e New definitions:
Orthonormality (falfz) =6(2" — 2)

Completeness f(z) = /C(z)fzdz with ¢(z) = (f.|f)

(Falf) = / e(2)(ful o) dz = / (2)8(' — 2)dz = c(2)
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CONTINUOUS SPECTRA: EXAMPLE

Momentum operator for a free particle

Eigenvalues and eigenfunctions:

—ih% fo(z) =pfr(xz) with fo(z) = AePe/h

If eigenvalues p € Rthen{ f,} is orthogonal:

<fp”fp> — /f;,fpdw — ‘A’2 /ei(p_p’)m/hdx — ’A’227Th5(p _p/)

Completeness follows from Fourier analysis:

@)= [ o) f@)ip = —— [ clp)e™dp
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CONTINUOUS SPECTRA: EXAMPLE

Momentum operator for a free particle

Completeness follows from Fourier analysis:

@)= [ ) @)ip = —— [ ctp)edp

The coefficients c(p) are as expected:
(folfp) = /C(p)f; fpdp = /C(p)5(p —p')dp = c(p')

e Eigenfunctions f, NOT normalizable —> don’t exist

e BUT: Dirac orthonormal + complete

— Create normalized wave function from superposition
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