PHOT 301: Quantum Photonics
LECTURE 05

Michaél Barbier, Fall semester (2024-2025)

Lecture 05: Free particles, bound states, and scattering



SUMMARY

So far we looked at bound states

e Infinite well
e Linear potential well (Electrical field, not seen yet)

e Harmonic oscillator

Different well potentials lead to different allowed energy levels

Narrower wells — less energy levels (more spread)
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FREE PARTICLES
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FREE PARTICLE: PROPAGATING WAVES

h? d*y(z)
o dm? = EyY(z), asV(x)=0
d*y(x) . omE
= S = KY), withk= ;”’

e Solutions are unconstrained: all energy values

e Similar to a very wide well (with infinite walls)

w(w) _ Aeikx _|_Be—z'kac
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FREE PARTICLE SOLUTIONS
w(x) _ Aez’km _|_Be—ik:c

e Problem 1: Not normalizable

e Problem 2: Velocity is half of classical velocity
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PROBLEM 1: NOT NORMALIZABLE
Y(z) = Ae’™ + Be
b(2)* = ¢(x)* p(z)
_ (A*e—ika: + B*ezkx)(Aezka: 4+ Be—ikx)
_ |A’2 4+ |B’2 4 (AB*eszx 4+ A*Be—i2kx)
= |AP + |B]* + % (AB"e)
= / da: = (‘A‘ T ‘B’ ) 00 /_ R (AB*eizkw) dx

©. @)

The last integral is bounded (oscillating between finite values)

The total integral [ |1|*dz — 400, and therefore doesn’t exist.
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PROBLEM 2: VELOCITY TOO SLOW

We can rewrite ¥ (z,t) = 1(z)e *F/P with E = h;—jr‘f:

\Il(az,t) _ Aeikx—iEt/h _|_Be—ikm—iEt/h
_ Aeikw—iEt/h_|_Be—ikw—iEt/h
h

:Aeik(x—%t)_'_Be—ik(x—%t)

e Thisis a function of x = vt, a “wave” moving with velocity v

PY Cl H H —_ 2F E _ 1 2
assically the velocity Vcjassical = 4/ % because Ll = 5muv

e The classical velocity is twice the one according to quantum mechanics!
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WAVE PACKET

e Superposition of propagating waves is normalizable
e Solves the velocity problem as well!
e |s consistent with uncertainty principle

e Fourier’s trick to find coefficients
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WAVE PACKET

e Superposition of waves

e Momentum around main

SNy ko £ ndk

n—
e Plots from top to bottom
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WAVE PACKET

Phase velocity v

W
V= —
k
Group velocity:
vV, =

g dk

N
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n=—N
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PHASE AND GROUP VELOCITY

i(kr—wt)
U(z,t) = m/qb

Assume ¢(k) around k
\I/(Cb,t) S /¢(k0 + S)Gi((ko+8)m—(wo+sw6)t)

ei(kom—wot)/¢(k0 _|_8)€is(:z:—w6t)

&
I—lﬁ‘l—‘
N

N
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BOUND STATES AND SCATTERING



BOUND STATES AND FREE PARTICLES

S . .
-, Scattering _, scattering

Bound states >

e Bound states have a bounded domain

e Particleis stuckin a potential valley

Free particles can go everywhere

Scattering of particles with £ > V.«
e Tunneling of particles with ' < V.«
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FINITE POTENTIAL
BARRIERS/STEPS/WELLS



FINITE SQUARE WELL

a2 d?
=20 (Vo — E)y 5 =77 Vo—E)y
Vo1
d’y _ _ 2m
o= etV
0 .
—a 0 a
* Finite square potential well Schrodinger equation:
e Boundstates0 < B < V) 72 d2¢(:13)
e Scattering states & > V/ Tom  dz? (£ —V(z)) ¥(z)
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FINITE WELL: BOUND STATES

d2 d2
L =20(Vo - E)y L =20(Vo—E)y
Vo
d2
0- T
—a 0 a

Forboundstates) < F < Vj

vV 2mE

inside: Y(—a < z < a) = Csin(Ax) 4+ D cos(Azx) A=

h
utside: Y(x < —a) = Ae ™ + Be" = Be™* . Vv2m(Vy — E)
Y(x > a) = Fe ™ 4+ Ge™ = Fe " h
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FINITE WELL: BOUND STATES

d? d?
L =20(Vo - E)y L =20(Vo—E)y
Vo1
d?
0- T
—a 0 a
Since ¥ (x) is continuousinz = —aand x = a:

Be " = —(C'sin(Aa) + D cos(\a)

" nz=—a,
Fe*@ — Csin(Aa) + D cos(Aa) Y(x) continuous in « a,a
Bre " = AC'cos(Aa) + Dsin(Aa) diy(z) , ,
. continuous in ¢ = —a, a
—Fre ™ = AC'cos(Aa) — ADsin(\a) dz
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FINITE WELL: BOUND STATES

Be " = —C'sin(Aa) + D cos()\a)

x) continuous in x = —a, a
Fe " = Csin(Aa) + D cos(\a) V(@)

Bre " = AC cos(Ma) + ADsin(\a) dy(x)
—Fre " = ACcos(Aa) — ADsin(\a) dx

continuous in £ = —a, a

Add the first two equations and subtract the others:

(B+ F)e " = 2D cos Aa
(B + F)ge—m — 2Dsin \a

And divide them < B # —F

o tan \a
A
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FINITE WELL: BOUND STATES

Be " = —(C'sin(Aa) + D cos(Aa) W(z) continuous in ¢ = —a, a
Fe " = Csin(Aa) + D cos(Aa) |

Bre " = AC'cos(Aa) + ADsin()\a) dy(x) , ,
continuous in x = —a, a
—Fre "™ = AC'cos(Aa) — ADsin()\a) dz

Now subtract the first two equations and add the others:

(B— F)e " = —2C'sin \a

(B — F);e_"“ = 2C cos A\a

And divide them < B # F

= —cot \a if B# F

> x> &

= tan Aa if B # —F from before
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FINITE WELL: BOUND STATES

= —cot Aa if B# F

>| x> &

= tan Aa if B # —F from before

e Therelations are inconsistent!

e Only possible if one of themisinvalid: B = ForB = —F

(B — F)e " = —2C'sin \a
B=F = (B—F)Ee_’“":2C’cos)\a = C = 0,9%(z) = Dcos(\z)
A
(B+ F)e ™ = 2D cos Aa

peb = (B + F)Ee_""’“ — 9Dsin)a D =0,¢(z) = Csin(Az)
A
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FINITE WELL: BOUND STATES (WAVE FUNCTION)

Symmetric solutions

withFF =B & k= Atanla

Vo

/

\

Asymmetric solutions

Y(x < —a) = Be™
Y(—a <z < a) = Dcos(Ax)
Y(x > a) = Be "™*

( Y(x < —a) = Be™
Y(—a <z < a) = Csin(Ax)

Vo

\ Y(x >a) = —Be ™

withF = —B & k= —M\cota
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FINITE WELL: BOUND STATES

Symmetric solutions Asymmetric solutions
( Y(x < —a) = Be™ ( Y(x < —a) = Be™
¢ P(—a <z < a) = Dcos(Az) ¢ Y(—a < x < a) = Csin(Ax)
\ Y(x > a) = Be "™ \ Y(x > a) = —Be ™
withFF =B & k= Atanla withFF = —B & k= —M\cotla

Let’s first obtain the energy from k and A:

2m
P =) —(

v 2mV,

Define 2 = Aaandzy = a ~—

Vo—E), XN ="1(E

2
— Iﬁ:2—|—)\2—hn;( )—zo/a — n2a2:z(2)—z2
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FINITE WELL: BOUND STATES

Symmetric solutions Asymmetric solutions
( Y(x < —a) = Be™ ( Y(x < —a) = Be™
¢ Y(—a <z < a) = D cos(Ax) ¢ Y(—a < x < a) = Csin(Ax)
\ Y(x > a) = Be "™ \ Y(x > a) = —Be ™
withFF =B & k= Atanla withFF = —B & k= —M\cotla
22 22
—> tan z = —g—l —> —cotz = —g—l
z z

where we made use of:

2.2 __ 2 2 _ 2 /.2
K'a® = 2§ — 2 :>/s:/)\—\/zo/z —1
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FINITE WELL: E FOR SYMMETRIC BOUND STATES

Symmetric solutions

withFF =B & k= Atana

2

20
—> tanz = \/ —

2

( Y(r < —a) = Be™ — \/25/22 -1
¢ Y(—a <z <a)= Dcos(\x) — tan(2)
\ Y(x > a) = Be ™

0 nR2 n
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FINITE WELL: E FOR ASYMMETRIC BOUND STATES

Asymmetric solutions

( Y(x < —a) = Be™
¢ Y(—a < x < a) = Csin(Az)
\ Y(x >a) = —Be ™

withF = —B & k= —M\cotla

2

£()
:>—cotz:\/—1

2

Asymmetric energies approximately
“shifted” to the right

0 nR2 n
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FINITE WELL: GRAPHICAL ENERGY-LEVELS

e Symmetric and asymmetric solutions

e Energy levels at intersections of red curve
with blue/green curves.

e Energies close to infinite well energies
(vertical asymptotes):

h?2? < poo _ h? nim?
~7" 2m (2a)2

E, =
2ma?

e 2, isintersection of red curve with x-axis

e |ncreasing zp == more energy-levels

e Decreasing zp — less energy-levels

2mV,
'z():%hoaoc Vha
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FINITE WELL: NUMERICAL SOLUTIONS

Numerically solving for z:

Vo — N\ N\ N\
> 2 0 vV V \———
tanz = (/z5/2° — 1,
—cotzz\/zg/zz—l N N A
VvV V
Gives us:
22 2,2 A\ /\
e Energy levels E,, = % = % \/ U
e Values for C'or D as function of B:
AN\ /)
N4
B = Dcos()a)e"™ 2N
B = —C'sin(Aa)e™ 4/A<f
0_
e Normalization — final unknown B —a 0 g
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