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In the following formulas parameters 𝑛, 𝑚 are
integers, and 0 < 𝑎 ∈ ℝ and 𝑏 ∈ ℝ0:

Trigonometric identities
Here 𝛼 and 𝛽 are real numbers.

sin 30∘ = 1
2, sin 45∘ =

√
2

2 , sin 60∘ =
√

3
2

sin2(𝛼) + cos2(𝛼) = 1
sin(𝛼 ± 𝛽) = sin(𝛼) cos(𝛽) ± cos(𝛼) sin(𝛽)
cos(𝛼 ∓ 𝛽) = cos(𝛼) cos(𝛽) ∓ sin(𝛼) sin(𝛽)
sin(2𝛼) = 2 sin(𝛼) cos(𝛼)
cos(2𝛼) = cos2(𝛼) − sin2(𝛼)

tan(𝛼) = sin(𝛼)
cos(𝛼), cot(𝛼) = cos(𝛼)

sin(𝛼)
sec(𝛼) = 1

cos(𝛼), csc(𝛼) = 1
sin(𝛼)

Complex numbers
Assume 𝑧 = 𝑥 + 𝑖𝑦 ∈ ℂ ∶

𝑖 =
√

−1, 𝑖2 = −1
|𝑧|2 = 𝑧∗ 𝑧 = 𝑥2 + 𝑦2 = ℜ{𝑧}2 + ℑ{𝑧}2

𝑧 = 𝑥 + 𝑖 𝑦 = 𝑟𝑒𝑖𝜃 = 𝑟 (cos 𝜃 + 𝑖 sin 𝜃)
𝑧∗ = 𝑥 − 𝑖 𝑦 = 𝑟𝑒−𝑖𝜃 = 𝑟 (cos 𝜃 − 𝑖 sin 𝜃)
|𝑧|2 = 𝑧∗ 𝑧 = 𝑥2 + 𝑦2 = ℜ{𝑧}2 + ℑ{𝑧}2

𝜃 = −𝑖 ln(𝑧/|𝑧|) = arctan(𝑦/𝑥)
Operations:
𝑧1 + 𝑧2 = (𝑥1 + 𝑥2) + 𝑖 (𝑦1 + 𝑦2)
𝑧1 𝑧2 = 𝑟1𝑟2𝑒𝑖(𝜃1+𝜃2)

cos(𝜃) + 𝑖 sin(𝜃) = 𝑒𝑖𝜃

cos(𝜃) = 𝑒𝑖𝜃 + 𝑒−𝑖𝜃

2 , sin(𝜃) = 𝑒𝑖𝜃 − 𝑒−𝑖𝜃

2𝑖
cosh(𝜃) = 𝑒𝜃 + 𝑒−𝜃

2 , sinh(𝜃) = 𝑒𝜃 − 𝑒−𝜃

2

Derivative: rules

Sum rule (𝑓 + 𝑔)′ = 𝑓 ′ + 𝑔′

Scalar mult. (𝑎𝑓)′ = 𝑎𝑓 ′

Product rule (𝑓𝑔)′ = 𝑓 ′𝑔 + 𝑓𝑔′

Quotient rule (𝑓
𝑔 )

′
= 𝑓 ′𝑔 − 𝑓𝑔′

𝑔2

Chain rule (𝑓(𝑔(𝑥)))′ = 𝑓 ′(𝑔(𝑥)) ⋅ 𝑔′(𝑥)

Standard derivatives

𝑥𝑏 = 𝑏𝑥𝑏−1

ln |𝑥| = 1
𝑥

𝑒𝑥 = 𝑒𝑥

𝑎𝑥 = 𝑎𝑥 ⋅ ln 𝑎

log𝑏 𝑥 = 1
𝑥 ⋅ ln 𝑏

sin 𝑥 = cos 𝑥
cos 𝑥 = − sin 𝑥
tan 𝑥 = sec2 𝑥
sec 𝑥 = sec 𝑥 ⋅ tan 𝑥
csc 𝑥 = − csc 𝑥 ⋅ cot 𝑥
sinh 𝑥 = cosh 𝑥
cosh 𝑥 = sinh 𝑥
tanh 𝑥 = (sech 𝑥)2

arcsin 𝑥 = 1√
1 − 𝑥2

arccos 𝑥 = − 1√
1 − 𝑥2

arctan 𝑥 = 1
1 + 𝑥2
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Anti-derivatives: rules

Fund. law 𝑓(𝑥) = (∫
𝑥

𝑏
𝑓(𝑡) 𝑑𝑡)

′

Partial int. ∫ 𝑓 𝑑𝑔 = 𝑓 𝑔 − ∫ 𝑔 𝑑𝑓

∫ 𝑓(𝑥)𝑔′(𝑥) 𝑑𝑥 = 𝑓(𝑥) 𝑔(𝑥) − ∫ 𝑔(𝑥)𝑓 ′(𝑥) 𝑑𝑥

Leibniz 𝑑
𝑑𝜈 [∫ 𝑓(𝑥; 𝜈) 𝑑𝑥] = ∫ 𝜕𝑓(𝑥; 𝜈)

𝜕𝜈 𝑑𝑥

Standard anti-derivatives

Rational functions:

∫ 𝑥𝑛 𝑑𝑥 = 𝑥𝑛+1

𝑛 + 1
∫ 1

𝑥 𝑑𝑥 = ln |𝑥|

∫(𝑥 + 𝑏)𝑛 𝑑𝑥 = (𝑥 + 𝑏)𝑛+1

𝑛 + 1
∫ 𝑥 (𝑥 + 𝑏)𝑛 𝑑𝑥 = (𝑥 + 𝑏)𝑛+1

𝑛 + 1
𝑥(𝑛 + 1) − 𝑏

𝑛 + 2

∫ 1
𝑥2 + 𝑎2 𝑑𝑥 = 1

𝑎 arctan(𝑥/𝑎)

∫ 𝑥
𝑥2 + 𝑎2 𝑑𝑥 = 1

2 ln(𝑥2 + 𝑎2)

∫ 𝑥2

𝑥2 + 𝑎2 𝑑𝑥 = 𝑥 − 𝑎 arctan(𝑥/𝑎)

∫ 𝑥3

𝑥2 + 𝑎2 𝑑𝑥 = 1
2 [𝑥2 − 𝑎2 ln(𝑥2 + 𝑎2)]

∫ 1
(𝑥2 + 1)2 𝑑𝑥 = 1

2 (arctan(𝑥) + 𝑥
𝑥2 + 1)

∫ 𝑥
(𝑥2 + 1)2 𝑑𝑥 = −1

2
1

𝑥2 + 1

∫ 𝑥2

(𝑥2 + 1)2 𝑑𝑥 = 1
2 (arctan(𝑥) − 𝑥

𝑥2 + 1)

∫ 𝑥3

(𝑥2 + 1)2 𝑑𝑥 = 1
2 ( 1

𝑥2 + 1 + ln(𝑥2 + 1))

∫ 1
(𝑥 + 𝑎)(𝑥 + 𝑏) 𝑑𝑥 = 1

𝑏 − 𝑎 [ln(𝑥 + 𝑎) − ln(𝑥 + 𝑏)]

∫ 𝑥
(𝑥 + 𝑎)2 𝑑𝑥 = 𝑎

𝑥 + 𝑎 + ln(𝑥 + 𝑎)

Trigonometric:

∫ cos(𝑥) 𝑑𝑥 = sin(𝑥)

∫ sin 𝑥 𝑑𝑥 = − cos 𝑥

∫ sin2 𝑥 𝑑𝑥 = 𝑥
2 − 1

4 sin 2𝑥

∫ sin3 𝑥 𝑑𝑥 = −3
4 cos 𝑥 + 1

12 cos 3𝑥

∫ cos2 𝑥 𝑑𝑥 = 𝑥
2 + 1

4 sin 2𝑥

∫ cos3 𝑥 𝑑𝑥 = 3
4 sin 𝑥 + 1

12 sin 3𝑥

∫ sin 𝑥 cos 𝑥 𝑑𝑥 = −1
2 cos2 𝑥

∫ cos2(𝑥) sin2(𝑥) 𝑑𝑥 = 𝑥
8 − 1

32 sin 4𝑥

∫ cos𝑛(𝑎𝑥) sin(𝑎𝑥) 𝑑𝑥 = − 1
𝑎(𝑛 + 1) cos𝑛+1(𝑎𝑥)

∫ cos(𝑎𝑥) sin𝑛(𝑎𝑥) 𝑑𝑥 = 1
𝑎(𝑛 + 1) sin𝑛+1(𝑎𝑥)

Exponentials:

∫ 𝑒𝑏𝑥 𝑑𝑥 = 1
𝑏 𝑒𝑏𝑥

∫ 𝑥𝑒𝑏𝑥 𝑑𝑥 = (𝑥
𝑏 − 𝑥

𝑏2 ) 𝑒𝑏𝑥

∫ 𝑥2𝑒𝑏𝑥 𝑑𝑥 = (𝑥2

𝑏 − 2𝑥
𝑏2 + 2

𝑏3 ) 𝑒𝑏𝑥

∫ 𝑥3𝑒𝑥 𝑑𝑥 = (𝑥3 − 3𝑥2 + 6𝑥 − 6) 𝑒𝑏𝑥
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Definite integrals

∫
1

0
sin(𝑚𝜋𝑥) sin(𝑛𝜋𝑥) 𝑑𝑥 = 1

2𝛿𝑚𝑛

∫
1

0
𝑥 sin2(𝑚𝜋𝑥) 𝑑𝑥 = 1

4

∫
1

0
𝑥2 sin2(𝑚𝜋𝑥) 𝑑𝑥 = 1

6 − 1
4𝜋2𝑚2

∫
1

0
𝑥 sin(𝜋𝑥) sin(3𝜋𝑥) 𝑑𝑥 = 0

∫
1

0
𝑥2 sin(𝜋𝑥) sin(3𝜋𝑥) 𝑑𝑥 = 3

16𝜋2

∫
1

0
𝑥3 sin(𝜋𝑥) sin(3𝜋𝑥) 𝑑𝑥 = 9

32𝜋2

Exponentials 𝑥 ∈ [0, +∞[

∫
∞

0
𝑥𝑛𝑒−𝑎𝑥 𝑑𝑥 = 𝑛!

𝑎𝑛+1

∫
∞

0
𝑒−𝑎𝑥2 𝑑𝑥 =

√𝜋
2√𝑎

∫
∞

0
𝑥𝑒−𝑎𝑥2 𝑑𝑥 = 1

2𝑎

∫
∞

0
𝑥2𝑒−𝑎𝑥2 𝑑𝑥 =

√𝜋
4𝑎3/2

∫
∞

0
𝑥3𝑒−𝑎𝑥2 𝑑𝑥 = 1

2𝑎2

∫
∞

0
𝑥4𝑒−𝑎𝑥2 𝑑𝑥 = 3√𝜋

8𝑎5/2

Exponentials 𝑥 ∈] − ∞, +∞[

∫
∞

−∞
𝑥𝑛𝑒−𝑎𝑥2 𝑑𝑥 = 0 for n odd

∫
∞

−∞
𝑒−𝑎𝑥2 𝑑𝑥 =

√𝜋√𝑎

∫
∞

−∞
𝑥2𝑒−𝑎𝑥2 𝑑𝑥 =

√𝜋
2𝑎3/2

∫
∞

−∞
𝑥4𝑒−𝑎𝑥2 𝑑𝑥 = 3√𝜋

4𝑎5/2

Integration in spherical coordinates

∫
∞

−∞
𝑑𝑥 ∫

∞

−∞
𝑑𝑦 ∫

∞

−∞
𝑑𝑧 𝑓(𝑥, 𝑦, 𝑧) =

∫
∞

0
𝑑𝜌 ∫

𝜋

0
𝑑𝜃 ∫

2𝜋

0
𝑑𝜙 𝜌2 sin 𝜃 𝐹(𝜌, 𝜃, 𝜙)

where volume element 𝑑𝑥 𝑑𝑦 𝑑𝑧 = 𝜌2 sin 𝜃 𝑑𝜃 𝑑𝜙 𝑑𝜌

𝑥 = 𝜌 sin(𝜃) cos(𝜙), 𝑦 = 𝜌 sin(𝜃) sin(𝜙), 𝑧 = 𝜌 cos(𝜃)
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