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Fundamental Equations

Schrodinger Equation iℏ
∂Ψ

∂t
= ĤΨ

Time-independent
Schrodinger Equation

Ĥψ = Eψ, Ψ(x⃗, t) = ψ(x⃗)e−iEt/ℏ

Hamiltonian operator Ĥ =
p̂2

2m
+ V = − ℏ2

2m
∇2 + V

Momentum operator p̂ = −iℏ∇, 1D: p̂ = −iℏ ∂

∂x

Time dependence
expectation value

d⟨Q̂⟩
dt

=
i

ℏ

〈[
Ĥ, Q̂

]〉
+

〈
∂Q̂

∂t

〉

Generalized uncertainty
principle

σAσB ≥
∣∣∣∣ 12i 〈[Â, B̂]〉

∣∣∣∣
Heisenberg uncertainty
principle

σxσp ≥
ℏ
2

Canonical commutator [x̂, p̂] = iℏ

Angular momentum [L̂x, L̂y] = iℏL̂z, [L̂y, L̂z] = iℏL̂x, [L̂z, L̂x] = iℏL̂y

Pauli matrices σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)

Minimal coupling iℏ
∂Ψ

∂t
=

[
1

2m
(⃗̂p− qA⃗)2 + qV

]
Ψ

Pauli equation iℏ
∂

∂t
χ =

[
1

2me
(⃗̂p− eA⃗)21+ eV 1+

gµB

2
ˆ⃗σ · B⃗

]
χ

with spinor χ =

(
φ↑
φ↓

)

Operators & Dirac notation

Bra, ket in Rn ⟨α| = |α⟩† = (a∗1, . . . , a
∗
n), |α⟩ =

b1...
bn


Inner product in Rn : ⟨α|β⟩ =

∑
j

a∗j bj , in ∞D : ⟨f |g⟩ =
∫
D
f∗g dx

Cauchy-Schwartz [Â, B̂] = ÂB̂ − B̂Â
Triangular inequality [Â, B̂] = ÂB̂ − B̂Â
Eigenstate expansion [Â, B̂] = ÂB̂ − B̂Â
Eigenstate expansion [Â, B̂] = ÂB̂ − B̂Â
Projection operator [Â, B̂] = ÂB̂ − B̂Â
Spectrum [Â, B̂] = ÂB̂ − B̂Â

Commutator [Â, B̂] = ÂB̂ − B̂Â

Anti-commutator {Â, B̂} = ÂB̂ + B̂Â

Fundamental Constants

Mass of an electron me = 9.11× 10−31 kg

Mass of a proton mp ≈ 1836 me

Charge of an electron e = 1.602× 10−19 C

Charge of a proton − e = − 1.602× 10−19 C

Electronvolt 1 eV = 1.602× 10−19 J

Atomic mass unit 1Dalton = 1.66× 10−27 kg ≈ 5

3
× 10−27 kg

Bohr magneton µB = 9.3× 10−24 J/T = 5.8× 10−5 eV/T

Joule in SI units [J = kg m2/s2]

Boltzmann constant kB = 1.38× 10−23 J/K = 8.62× 10−5 eV/K

Planck’s constant h = 6.63× 10−34 J s = 4.14× 10−15 eV s

Reduced Planck’s constant ℏ =
h

2π
= 1.055× 10−34 J s = 6.582× 10−16 eV s

Speed of light c = 3× 108m/s

Conversion E = hf =
hc

λ
hc = 1240 eV nm

Rest energy electron mec
2 = 0.511 MeV
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Bound States Common Potentials

1D Infinite well

V (x) = 0 if 0 < x < L
V (x) =∞ otherwise

ψn(x) =

√
2

L
sin
(nπx
L

)
,

En =
ℏ2π2n2

2mL2
, n = 1, 2, 3, . . .

3D Infinite well

V = 0 if 0 < xi < Li,
V =∞ otherwise

ψnx,ny,nz
=

√
8

LxLyLz
sin

(
nxπx

Lx

)
sin

(
nyπy

Ly

)
sin

(
nzπz

Lz

)

En =
ℏ2π2

2m

(
n2x
L2
x

+
n2y
L2
y

+
n2z
L2
z

)
, nx(ny, nz) = 1, 2, 3, . . .

1D δ-function
potential well
V (x) = −αδ(x)

ψ(x) =
√
κe−κ|x|, κ =

mα

ℏ2
, E = −mα

2

2ℏ2

1D Linear potential

V (x) = eẼx if 0 < x < L
V (x) =∞ otherwise

ψn(x) = C Ai(z) +DBi(z),
D

C
= −Bi(z0)

Ai(z0)

ε =
E

E∞
1

, νL =
eẼL

E∞
1

, z =

(
π

νL

) 2
3 ( x

L
νL − ε

)

En ←− Ai(z0) Bi(zL)−Ai(zL) Bi(z0) = 0

z0 = −
(
π

νL

)2/3

ε, zL =

(
π

νL

)2/3

(νL − ε)

1D Harmonic oscillator

V (x) =
1

2
mω2x2

ψn(x) =
1√
2n n!

(mω
πℏ

)1/4
Hn (ξ) e

−ξ2/2, ξ ≡
√
mω

ℏ
x

H0(ξ) = 1, H1(ξ) = 2ξ, H2(ξ) = 4ξ2 − 2, . . .

En =

(
n+

1

2

)
ℏω, n = 0, 1, 2, 3, . . .

Scattering at Common Potentials

1D Infinite well

V (x) = 0 if 0 < x < L
V (x) =∞ otherwise

ψn(x) =

√
2

L
sin
(nπx
L

)
,

En =
ℏ2π2n2

2mL2
, n = 1, 2, 3, . . .

Hydrogen Atom

1D Infinite well

V (x) = 0 if 0 < x < L
V (x) =∞ otherwise

ψn(x) =

√
2

L
sin
(nπx
L

)
,

En =
ℏ2π2n2

2mL2
, n = 1, 2, 3, . . .

Rydberg energy unit Ry = 13.6 eV

Rydberg constant
for hydrogen

RH = 1.0968× 107 m−1 ≈ 1.1× 107 m−1

Rydberg constant
for heavy atoms

R∞ = 1.0974× 107 m−1 ≈ 1.1× 107 m−1
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