PHOT 222: Quantum Photonics
LECTURE 15

Michaél Barbier, Spring semester (2024-2025)



OVERVIEW OF THE COURSE

5.06.2025

Week 1 Relativity Ch. 39 Ch. 37
Week 2 Waves and Particles Ch. 40 Ch. 38-39
Week 3 Wave packets and Uncertainty Ch. 40 Ch. 38-39
Week 4 The Schrdédinger equation and Probability Ch. 41 Ch. 39
Week 5 Midterm exam 1

Week 6 Quantum particles in a potential Ch. 41 Ch. 40
Week 7 Bayram

Week 8 Harmonic oscillator Ch. 41 Ch. 40
Week 9 Tunneling through a potential barrier Ch. 41 Ch. 40
Week 10 Midterm exam 2

Week 11 Bohr’s hydrogen atom, absorption/emission spectra Ch. 42 Ch. 41
Week 12 Quantum mechanical model of the hydrogen atom Ch. 42 Ch. 41
Week 13 Exercises

Week 14 Spin / Many-electron atoms Ch. 42 Ch. 41
Week 15 Molecules Ch. 43 Ch. 42
Week 16 Crystalline materials & energy band structure Ch. 43 Ch. 42




Molecules
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MOLECULES

 Materials:
* single atoms,
* molecules,
e crystalline materials,
 amorphous materials Sofielne

* Materials can consist of many atoms

* Describing electrons in matter:
* (Relative) positions of the nuclei
* Positions of the electrons

* Interactions between all nuclei and all
electrons
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MOLECULAR BOND

* Bonding of atoms in a molecule
e Electric forces between atoms
* Coulomb force is conservative
- Potential landscape --> minima

Atoms begin to interact Sufficiently far apart
as they move closer together to have no interaction
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MOLECULAR BOND

e Molecular bond between atoms

Atoms begin to interact Sufficiently far apart
as they move closer together to have no interaction

* Different types of bonds
* |onic bonds
* Covalent bonds
* Vanderwaals bonds
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COVALENT BONDS: RYBRIDIZATION

» Superposition of orbitals: sp?-
hybridization
* Orbitals in the plane
e s-orbital is now symmetric with p-orbitals

* Improved orbital overlap/access to all
electrons
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COVALENT BONDS: RYBRIDIZATION

* Superposition of orbitals: sp*-
hybridization
* Orbitals in the plane
e s-orbital is now symmetric with p-orbitals

* Improved orbital overlap/access to all
electrons

o - bonds: Strong overlap between
sp? hybridized orbitals

T - bonds: Less overlap between
p,—orbitals (but also in the plane)
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Molecular Spectra — Rotations &
Vibrations
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MOLECULAR SPECTRA

e Assume diatomic molecule —

* Energy states:
Center of mass

Atom 1

E = Eqlectron T Etrans T Erot T Evib

* Electronic energy levels: complex

* Translation of whole molecule

* Rotation of whole molecule Eirans = = (Mq+m,)v?

e Vibrations in bonds

* Rotations and vibrations give microwave
and infrared spectral lines
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

e Assume diatomic molecule

» Angular momentum rigid body: L = [w N
Center of mass

* Inertia of a diatomic molecule: [ = urg Atom 1 | |
mym, @’ = @
[ = myr{ + myrf = ré = urg A "2
ml + mz \\\A
r = 2 T r= T o
1= ' 1o 2= ' 1o « >
mq + mo ’ mq + mo
1 L?
* Energy E.or = Elwz = —

* Angular momentum similar to hydrogen
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* Rotational energy E .t = 21

MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

L2

* Schrodinger equation center-symmetric potential:

h® d (7‘2 d_R) + (hzl(l + 1) + U(T)>R(7”) = E R(r)

2ur?dr dr 2UT 4
1  de(s) ms
Y2 (smH T ) + (l(l + 1) =y 9> @) =0
d“®(¢)

* For a diatomic molecule: radius fixed, potential U(r) = 0
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

L . . .
* Energy E = py with moment of inertia [ = ,uroz Center of

Atom 1 mMass X

e

) o

* Diatomic molecule: radius fixed, potential U(r) = 0

e Radial part Schrodinger equation center-symmetric potential:

h* d [ ,dR A“l(l + 1) ’ p — R
20 r?dr (7‘ E) i 2172 +U(r) |R(r) = ()

mq 1M,

'u_m1+m2
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

L2

* Energy E = py with moment of inertia [ = uré

* Diatomic molecule: radius fixed, potential U(r) = 0

e Radial part Schrodinger equation center-symmetric potential:
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

L . . .
* Energy E = py with moment of inertia [ = uré

* Diatomic molecule: radius fixed, potential U(r) = 0

e Radial part Schrodinger equation center-symmetric potential:

he_d (rz d_R) + (hzl(l k), + U(r)>R(T) = E R(7)

2ur?dr dr 2UT?
. A%l(l+ 1) POy — P
A%l(l+ 1
~ (+1) -
2UT?
B A41(L+ 1)

>  E = > L=4I(l+1)n

2T
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

LZ

* Rotational energy E .t = — Atom 1
21 |
* Schrodinger equation center-symmetric potential: Q .
0
L* h2 N
Erot,l — o7 l(l + 1) ' Zurg
10h% /1 A
612 /1
3h2 /] Y
h2 /1
0
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MOLECULAR SPECTRA: ROTATIONAL ENERGY-LEVELS

2
* Rotational energy E .+ = - Atom 1 X
21 | @
* Schrodinger equation center-symmetric potential: Q .
0
L* h2 N
Erot,l — o7 l(l + 1) ' 2012
10h%/1 A [ =4
* Spectral lines: emission/absorption of photons AE = 4h°/I
* Selection rules: Al = +1 612 /1 . [ =3
AE = 3h%/I
ht  lh? , H
AEo: =(lU+1D)—-I1-1)) —=— 302/1 | =2
21 |
h% /1 [=1
0 [ =0
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MOLECULAR SPECTRA: CLASSICAL ROTATION FREQUENCY

* Angular momentum rigid body: L = [w Atom 1 X

* Inertia of a diatomic molecule: [ = uré D v ap
* Rotational energy X 10
LZ hZ
Eoti ===1Il(l+1)-
rot,l 2y ( ) 2.1”'02 X
* Spectral lines: emission/absorpgion of photons 10R2 /I . [ = 4
[h
AEror = N AE = 4h2 /]
6h% /I : i [ =3
* Classical rotation frequency: | ,
AE =3h%/I
A 3h2/1 v [ =2
a):\/l(l+1)m W21 =1
’ 0 | =0
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EXERCISE ROTATIONAL ENERGY-LEVELS

Exercise: An H, molecule exist of two hydrogen atoms H » H

separated 0.74 A apart (1 A = 10~V m). Calculate the Q | ap
first 4 rotational energy-levels for an H, molecule. Then

L : : X T
assume that the molecule is in a (rotational) state with |
[ = 3 and emits a photon, what is the wavelength of
the photon? t
h% 10A2 /1 =4
Erot; =11+ 1) e with [ = ur¢ / *
172 AE = 412/
AEror = T i
6h?% /I ! =3
AE = 3h2/I
3h2 /I Y [ =2
h% /1 [=1
0 [ =0
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EXERCISE ROTATIONAL ENERGY-LEVELS

Exercise: An H, molecule exist of two hydrogen atoms separated
o - —10 : : H R H
0.74 Aapart (1A= 10 m). Calculate the first 4 rotational |
energy-levels for an H, molecule. Then assume that the molecule Q @
is in a (rotational) state with [ = 3 and emits a photon, what is X To
the wavelength of the photon?
h?
Eror; = L1+ 1) o with I = uré !
lhz 1Ofl2/1 ? =14
AEvor = NE E
m ' AE = 4h* /I
Answer: Moment of inertia [ = urg = (TP) (7.4 x 1072 nm)* i
2 o 12 2 2 6h2 /] : | [ =3
Abror = % - 4223: cczrz ~ o2 1836-(?; ;112141\(/)15\\//-;1T2)x10‘4 nm? 0.8 eV / i
pCTy ' ' ' AE = 3h%/I
The wavelength: i
I 3h% /I [ =2
__ hc _ 4m™"mMmpcTry - 4
A—AErOt = c he ~ 2.5 %X 10" nm hZ/I [ =1
0 [=0
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EXERCISE ROTATIONAL ENERGY-LEVELS

Exercise: An CO molecule exist of a carbon and an oxygen atom C » O
separated by distance ry. If you know that the rotational state | \
transitionsfrom [ = 0tol = 1 by a photon with frequency f = Q Q
115 GHz w T

(a) what is the moment of inertia of CO?

(b) What is the separation distance ry

_ h_z ' _ 2 . mymg 10h% /1 4 =4
Eror; = U1+ 1) - With [ = purg and p = —— i
[h? ' AE = 4h* /I
AEror =—. One atomic unit (au) ~ 1.66 X 10747 kg ;
6h?% /I : i =3
AE = 3h2/I
3h2 /I Y [ =2
h% /1 [=1
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EXERCISE ROTATIONAL ENERGY-LEVELS

Exercise: An CO molecule exist of a carbon and an oxygen atom

separated by distance ry. If you know that the rotational state C ! R‘ O
transitions from !l = 0tol = 1 by a photon with frequency f = @ @
115 GHz . ry

(a) what is the moment of inertia of CO?
(b) What is the separation distance r

E —l(l+1)-h—2 with [ = ur? and y = —2
rotl = 2 21 — #o B myms 10h2/I 4 =4
Lh : : _ I
AE;o¢ =— One atomic unit (au) ~ 1.66 x 10 27 kg | 2
' AE = 42 /]
2 |
Answer: Energy photon hf = AE o1 = hf = % |
h (6.63 x 1073%] - s) 6h2 /1 - [ = 3
_ ~ ~ —46 L5 . 12 .
= 1= Am2f  4mw21.15x 1011 571 L.5x 107" kg - m i \E — 30
The distance: i -
2 v _
2 I 1.5x10~46 kg-m? ~x107*6 kg-m? 3h”/1 [ =2
I — MTO : rO — — — 12-16 ~ 12-16 5 _27k ~ 0.113 nm ) .
K \ 12+16 24 \| 12+16 (§X1O g) he /I [=1
0 [=0
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MOLECULAR SPECTRA: VIBRATIONAL ENERGY-LEVELS

* Approximate potential by parabola Atom 1 l
e Similar to spring-ball model
* Quantum Harmonic Oscillator potential: > h «—
1 1
V(r) = —uw?r? = =k'r?
2 2
I Vir)
* Connection vibration: w = |[—
\ MU
\ / o\
N \ /
\v/ Distance r
To »
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MOLECULAR SPECTRA: VIBRATIONAL ENERGY-LEVELS

* Approximate potential by parabola Atom 1 l
e Similar to spring-ball model
* Quantum Harmonic Oscillator potential: > h «—
1 1
V(r) = —uw?r? = =k'r?
2 2
I Vir)
* Connection vibration: w = |[—
\ KU
o\
* Energy levels Eyjp n:
1 1 k' \
Evib,n = (Tl-l-z) how = (Tl-l-z) h\JI \ / \ 7
\ /
\v/ Distance r
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MOLECULAR SPECTRA: VIBRATIONAL ENERGY-LEVELS

* Energy levels E;p ,:

Evibn = (n +%) hw = (n +%) n

K’

\

* Selection rules (vibration transitions):
* Emitting a photon: An = —1
* Absorbing a photon: An =1
* Higher transitions An = +2, =3, ...
possible but much smaller probability

* Transitions: AE;, = Thw

5.06.2025
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MOLECULAR SPECTRA: CLASSICAL AMPLITUDE/TURNING

* Energy levels E;p ,:

1 N s
Evib,n — (Tl+5) hw = (n-l-z) h\JZ ghw
s 2
* Transitions: AE,;, = Thw
7
Ehw
* Classical potential energy: U = %k’A2
5
Ehw
 Amplitude A or “turning point”: \ AE = ho
2E,, 2
U = EVibn = A= Vllb’n
’ k 1
\ —hw
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EXERCISE: VIBRATIONAL ENERGY-LEVELS

Exercise: A carbon monoxide CO molecule exist of a
carbon and an oxygen atom. If you know that the
vibrational state transitions fromn =0ton = 1bya

photon with frequency f = 64.2 THz.
(a) Calculate the force constant k'

(b) What is the classical amplitude (turning point)?

K
Rz
At turning point: U = Eyjpn = A =

Evibn = (n +%) hw = (n +%) n

5.06.2025
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EXERCISE: VIBRATIONAL ENERGY-LEVELS

Exercise: A carbon monoxide CO molecule exist of a

carbon and an oxygen atom separated 1.13 A apart Evib

A

(1 A= 107" m). The energy difference for COis hw =
0.269 eV. What is the frequency of the molecule > hw
vibration when in state n = 5. Assume then the
molecule absorbs a photon thereby reaching a state 7
with n = 6, what is the frequency of the photon? Pk
e
1 1 k'
Evib,n — (n + E) hw = (n + E) fl\‘ 7 ;hw
>
E )]
S
E )]
0

5.06.2025
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EXERCISE: VIBRATIONAL ENERGY-LEVELS

Exercise: A carbon monoxide CO molecule exist of a
carbon and an oxygen atom separated 1.13 A apart

(1 A= 1071 m). The energy difference for CO is Aw =
0.269 eV. What is the frequency of the molecule
vibration when in state n = 5. Assume then the
molecule absorbs a photon thereby reaching a state
with n = 6, what is the frequency of the photon?

Evibn = (n +%) nw = (n +%) n

Answer:

5.06.2025
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ROTATIONS AND VIBRATIONS

e Combined rotations and vibrations

* Energy levels £ ,;:

= |

B h? 1
Ein = [(l + 1);4‘ (Tl+z) h\‘

* Vibration selection rules:
 Emitting a photon: An = —1
* Absorbing a photon: An =1

 Rotational selectionrules: Al = +1

5.06.2025
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ROTATIONS AND VIBRATIONS
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