PHOT 222: Quantum Photonics
LECTURE 08

Michaél Barbier, Spring semester (2024-2025)
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Tunneling through a barrier
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TUNNELING THROUGH A POTENTIAL BARRIER

* Quantum particle can
tunnel through a potential A
barrier

* Classically the particle
cannot tunnel

* Tunneling probability:
Transmission coefficient T

e ReflectionR - T+R=1 £~
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TUNNELING THROUGH A POTENTIAL BARRIER

Energy lower than barrier U, (x) W (x) V(%)

* Wave function ) tunnels
through barrier Al A

* Evanescent waves in m—)
barrier: exponentially
decaying =

* Reduced amplitude after P Y A Y AR ) WA W
barrier

e How to find the wave
function? 0
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TUNNELING THROUGH A POTENTIAL BARRIER

* Regions: [, [1, [11 Yy (x) Yy (x) Yy (x)
* Wave function in regions: t | |
W, (x) = Aleikx Alelkx Ape™™ Apet™
Y (x) = Ape™ Vo
Vi (x) = A et

* With wave numbers: P I N I I I Y S SO ) WY W A
K= 2m{(Vy—E)/h
and

k =+v2mE /h 0 I X
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TUNNELING THROUGH A POTENTIAL BARRIER

l/Jll)l((jcc)) _ j Ieeifg’ix 1 (x) Y (x) Y111 (x)
I — 4ane N

_ kx .
l/JIII (J\C) I11 Alelkx Ane KX AI”elkx

* Probability for the wave on v
the left: |4,]? 0

* Similar on the right

* Tunneling probabilzity:
T | HH2 E
4|
* Obtain the amplitudes?
=> Apply boundary conditions
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TUNNELING THROUGH A POTENTIAL BARRIER

¢¢I((x)) :jleiﬁix Yy (x) Yy (x) Y (x)
I\xX) = A€ A

Wi (x) = Apet™™ Aleikx Ape ™™ App et
* Boundary conditions: v,

Continuity of

Y (0) = Y (0)

1/J11(L) :1/J111(L) EF-V-F-V-F-V-p oo L -
Continuity derivative 1’

1/J’1(0) — 1/J'11 (O) 0

1//11 (L) — 1//111 (L) 0 L X
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APPROXIMATE TUNNELING PROBABILITY

O S8 ORI
A ‘2 Aleikx AHB_Kx Anleikx
T | A < Co-2KL ,
|A; |2 0
With
- E E
G:16—<1——> 0 L 0 O N2
Vs Vo
- k=42m(Vy—E)/h 0 :
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EXAMPLE CALCULATION OF TUNNELING PROBABILITY

Question: Assume an electron energy £ = 2 eV incident
at a barrier with height I/, = 5 eV.

Calculate the Tunneling probability T for barrier widths
1 nm and 0.5 nm

Answer:

¢

E E
T~ Ge ** =16—|1 —— | e K"
Vo Vo

Kk =+2mVy,—E)/h
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EXAMPLE CALCULATION OF TUNNELING PROBABILITY

Question: Assume an electron energy E = 2 eV incident at a barrier with height V/; = 5 eV.

Calculate the Tunneling probability T for barrier widths 1 nm and 0.5 nm

Answer:

G—16E 1 - —162 1 - = 3.84
A Vo) =5 5)

K

-34 7. 2
n 1.055 X 107°*] - s 10-34 kng

For L = 1 nm:

E E
T~Ge " =16—1 ——|e %L =384 182 6x 1078
Vo Vo
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~9x%x10°m™?
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EXAMPLE CALCULATION OF TUNNELING PROBABILITY

Question: Assume an electron energy E = 2 eV incident at a barrier with height V/; = 5 eV.
Calculate the Tunneling probability T for barrier widths 1 nm and 0.5 nm

Answer:

G—16E 1 - —162 1 - = 3.84
A Vo) =5 5)

m
om(Vn — E 2 (911 X 1031 kg) (3 - 1.6 X 10-19 V90 X 107%> kg —
:\/ (Vo ):\/ ( g) ( Dz S~ 9 x 10 m-1

K

—34 1. 2
h 1.055 x 10 J-s 10-34 kng
For L = 1 nm:
E E
T~Ge “¥l=16—[1 ——]e %L =384 18 2 7x 1078
Vo Vo
For L = 0.5 nm:
E E
T ~ Ge KL = 16—(1 ——)e‘z"L =384 2~5x10"%
Vo Vo
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EXAMPLE CALCULATION OF TUNNELING PROBABILITY

Question: Assume an electron energy E = 2 eV incident at a barrier with height V/; = 5 eV.
Calculate the Tunneling probability T for barrier widths 1 nm and 0.5 nm

Answer:

G—16E 1 - —162 1 - = 3.84
I A Vo) =5 5)

—25 m
o — \/Zm(Vo —E) _ \/2 (9.11 x 10731 kg) (3-1.6 x 10719]) _ V90 X 10 kg?

—34 7. 2
h 1.055 x 10734 - s 10-3¢ g ™

For L =1 nm:

E E
T ~ Ge %L = 16—(1 ——) ekl =384 1%~ 7x1078

Vo Vo
For L = 0.5 nm:
E E
T~Ge ™ =16—(1—-——|e ' =384 ?x~5x10"*
Vo Vo
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Very sensitive to the
width of the barrier

For larger macroscopic
mass tunneling
becomes very small
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APPLICATION OF TUNNELING PROBABILITY

* Resonant tunneling diode

* Combines the Finite well bound states and tunneling through a
barrier
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9.05.2025

SUMMARY TUNNELING

* Quantum particles can tunnel through potential barriers
* Transmission + reflection =1

* Tunneling probability for low T values can be
approximated

E E
T~ Ge ** =16—|1 —— e 4Kt
Vo Vo

* Tunneling probability is sensitive to barrier width

* Macroscopic objects have very small tunneling
probability

¢
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