PHOT 222: Quantum Photonics

Final exam A: questions & solutions

Michaél Barbier, Spring semester (2025-2026)

Exam Questions

Grading: The final exam counts for 60% of your total grade.

Exam type: Closed-book, all questions can be answered using only pen and paper.
Calculators, mobile phones, laptops are not needed, and are not allowed to be used during
the exam.

The duration of the exam is 3 hours.

This document contains both the problems and their solutions. Considering the score
calculation:

o Each of the questions is valued equally in the total score.

o Subproblems (a, b, ¢, ...) within a question are weighed equally.

o Answers should contain: The final formula/expression together with its derivation
and a numerical approximate value with the correct units.

Question 1: Compton scattering

An x-ray photon is scattered when hitting a free electron in a target during a Compton
scattering experiment. The incident photon has wavelength A, and energy E, = 0.2 MeV
before scattering, and is scattered under an angle 8 = 90°. The wavelength A" of the
photon after scattering is given by the Compton shift:

h
N —Xg = Ao (1 —cos(f)) with Compton wavelength \p = — ~ 2.4 x 1072 m
me
(a) What is the wavelength A" of the photon after scattering?

(b) How much energy is transfered to the electron? Would the electron be moving at a
relativistic speed after the collision? (approximation to 1 significant figure is sufficient)



Solution (Q1)

(a) The wavelength of the photon after collision \" can be obtained directly from the
Compton shift formula A" = Ay + A (1 — cos(#)), together with the fact that cos(90°) =
0:

he 1240 eV nm
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N = A+ Ao =

Resulting in A" = 8.6 x 1072 nm A relatively large increase in wavelength.

(b) To find the energy transfered to the electron, we subtract the energy of the photon
after the collision from its initial energy Ej:

, he 1240 eV nm
AE=EFE,—FE =E,— S 0.2MeV — 6% 102 om 0.2 —0.14 MeV,

which is approximately 0.06 MeV. This energy is more than 10% of the rest energy of an
electron 0.511 MeV, and in case accurate results would be required it would be advised
to use the relativistic description for the electron motion.

Question 2: Quantum Harmonic Oscillator

The time-independent Schrodinger equation for the harmonic oscillator is given by:

h? d? 1
_%$ + §mw2w2¢(fﬁ) = Ey(x)

and the ground state is: 1, = (%)1/4 e 37 with Ey= ihw

(a) Prove that the ground state wave function is indeed a solution of the time-independent
Schrodinger equation with energy E, = %hw (write down sufficient in-between steps).
(b) Calculate the expectation value for the potential energy: %mw2 (x?) for the ground
state 1.

Solution (Q2)

(a) To prove that the wave function 1y(z) is a solution we first calculate its second
derivative:
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Then we fill it in in the left-hand-side of the time-independent Schrodinger equation:

B2 2 h?
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__¢0( )——mw 29y (x )—l—;mw 22y ()
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Therefore we end up with the correct term on the right-hand-side: %“’Q/JO(x), proportional
to the wave function, meaning that 1, () is a solution of the time-independent Schrodinger

equation and the corresponding eigenenergy is indeed E; = h; .

(b) To calculate the expectation value for the potential energy: (V(z)) = smw?(z?), we
first calculate (z2):
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Now we multiply with the prefactor:

1
(V(2)) = gmw?(@?) = omw? o = e
which tells us that the expectation value of the potential energy is half of the expectation

value of the Hamiltonian (i.e. the energy).

Question 3: 3D Particle in a Box

Assume a quantum particle with rest energy mec? = 6.2 MeV in a 3D box of dimensions
L=L,=L,=L,=0.5nm (acubic box).

(a) Calculate the energy of the ground state (in eV).

(b) Assume that the system transitions from a state with quantum numbers n, = 3,
n, =1, n, =1, to the ground state, by emitting a photon. What is the frequency of the
photon (approximately)?

Solution (Q3)

(a) The ground state has quantum numbers: n, = 1, n, =1, n, = 1, where the quantum
numbers cannot be zero otherwise the wave function is not normalizable. The energy is
then given by:

h2m? h2c? (1240)2 ¢V nm?

E M 14141)=3. —3.0.124 eV
111 = oy (Mg tng) = o (14141 8- 6.26V0.5% nm? ¢

(b) The state with n, = 3, n, =1, n, =1 has an energy proportional to the ground
state where only the factor (n3 +n2 +n?) = 11 is different:

h2m?

Es11= o LQ(n +nZ+n2) =11-0.124eV



When transitioning to the ground state by emitting a photon the frequency f of the
photon can be derived from the energy difference hf = AE = Ey | 1 — Fy 1, ~ 1eV:

1 8-0.124eV

— — ~ 2
f= 5 Bsn = Br) = g s ey~ 24X 100 THe

which is in the infrared range as expected for an energy hf ~ 1eV.

Question 4: Quantum hydrogen atom model

A hydrogen atom has energy equal to E, = —1.511 V.

(a) What is the principal quantum number n?
(b) What are the possible orbitals for the electron to be in (ignore superposition states),
write down all possible combinations of quantum numbers: n, [, m;.

Solution (Q4)

(a) The principal quantum number n can be found from:

Ry Ry 13.6eV 10 15
B o= o W 1506V Do o 502 <10
n =T "ETE T iy 2 S S1s snts

n

Where we squeezed the actual value between easy-to-calculate numerical values. The only
positive integer number n fulfilling the last condition is n = 3.

(b) From above we know that n = 3 is a fixed value. For n = 3 the quantum number [
can have values [ = 0,1, 2, corresponding to s, p, and d orbitals. For a specific value of
[, the magnetic orbital quantum number can take values m; = —1[,...,—1,0,1, ..., [, this
gives us the following combinations:

3s orbital (1 orbital): n =3, 1 =0, and m = 0.
3p orbitals (3 orbitals): n=3,1=1, and m = —1,0, 1.
3d orbitals (5 orbitals): n =3, =2, and m = —2,—1,0,1,2.

Alternatively, we can write them as down as explicit combinations (n,,m;):

3s orbital : (3,0,0),
3p orbitals : (3,1,—1), (3,1,0), (3,1,1),
3d orbitals :  (3,2,—2), (3,2,—1), (3,2,0), (3,2,1), (3,2,2)

Question 5: Effective atomic number/charge

A sodium atom (Na) in the ground state has configuration 1s22s?2p®3st. The spectrum in
the figure shows some of the possible transitions of the valence electron with corresponding
(excitation/emission) wavelengths in nm.

(a) What is the energy of the 5s state (derive using given transition wavelengths and
value of Eq, = —5.12 eV)?
(b) What is the effective atomic number Z g for the 3s state?
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Figure 1: Energy spectrum of sodium for energy-levels from 3s (valence electron in the
ground state) and above. The transition wavelengths for emission are shown for
some of the allowed transitions (in nm)

Solution (Q5)

(a) To find the energy E of the 5s state we calculate the energy differences between the
Ej, and Ej; and between Ej  and Es);:

AE, = E. — E. — _ ~ V ~
L7 %3 7 58 T 5e9m 589 nm 59
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2+£> eV ~ 2.1eV

Resulting in an energy difference AE = E,, — E;. = AE, + AE, =4.1€V:
E.,=FE;, + AE ~ (—5.124+4.1)eV ~ —0.98 eV

Where the approximation is relatively rough, and E5, = —1.0eV is a more faithful pre-
sentation of the accuracy with correct significant figures.

(b) The effective atomic number Z g for the 3s state can be derived from:

.  ZGs Ry 9. E38 \/ 9-5.12eV_\/9-5.12
3s 32 Zett3s = —13.6eV  \V 136

For which we can find a (very rough) approximate value:
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Question 6: Free electron model

The Fermi-energy E corresponds to the highest occupied energy level at zero temperature
and is related to the electron concentration n, by Ep ~ (0.36 x 1018 6V m2) - n/%.

(a) Calculate the Fermi-energy of sodium (Na) using the electron concentration n, re-
ported in the table below.

(b) Sketch the density of states g(E), the Fermi-dirac distribution f(E), and the electron
density N(F) = g(F) f(F) as function of the energy for a typical metal (i.e. free electron
model). Indicate where the Fermi-energy is.

Metal n, (in 1028 m~3) Fermi energy (eV)
Li 4.70 4.72
Na ~2.70 ?
K 1.40 2.12
Cu 8.46 7.05
Ag 5.85 5.48
Au 5.90 5.53

Figure 2: Table with theoretical values of the Fermi Energy for Metals at 300 K Based on
the Free-Electron Theory

Solution (Q6)
(a) The Fermi-energy of sodium (Na) is given by:

Er=1(0.36 x 107 eVm?) - n
0.36 x 107'% eV m?) - (2 7 x 102 m™?)

(

2/3
= (
— (0.36 x 108 eV m?) - (27 x 1027 m~3)"/"
= (0.36 x 107 ¥ eV m?) - (9 x 10¥ m~2)
= (

0.366V) -9 = 3.24 ¢V

The resulting value of E, = 3.24¢€V is of expected order when comparing with the Ef of
other metals in the table.

(b) Below we show the density of states g(FE), the Fermi-dirac distribution f(FE), and the
electron density N(E) = g(E) f(E) as function of the energy. We used kgT = 25.7 meV
(T = 298 k), and E = 0.5 €V, but for this question the sketch does not need to be for
specific parameters.
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Values and formulas:

Mass of an electron: m, = 9.11 x 1073! kg

Mass of a proton: m,, ~ 1836 m,

1eV =1.602x1017J

An atomic mass unit: 1 Dalton = 1.66 x 1072 kg ~ 3 x 107" kg
Bohr magneton: pug = 9.3 x 10724 J/T = 5.8 x 107° eV/T
Joule in ST units: [J = kg m?/s?|

h=6.63x1072"Js =414 x10""° eV s
h=2=1.055x103*Js=6.582x 10716 eV s

c=3x10% m/s

he = 1240 eV nm

Rydberg energy unit: Ry = 13.6eV

Rydberg constant for hydrogen: Ry = 1.0968 x 107m* ~ 1.1 x 10"m™*
myc* = 0.511 MeV

For a wave function ¢ (z) with x € R, the expectation value of a function f(x) is:

<f<:c>>:/ b fx) [p(x)]2dz.

Definite integrals:
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Particle in a box: A quantum particle in a 3D infinitely deep square well of size
L =L, =L, = L, has wave function solutions ¢, ,, ., (x) and E, n,n. given by

8 n. hQ 2
Yy (@) = | i) sin () sin("=EE) B, L= T (2 4k 4n2)
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