
PHOT 222 Spring (2025-2026) Final exam Date: 29 June 2026
Michaël Barbier Student No:

Student Name:

Grading: The final exam will count for 60% of your total grade.
Exam type: Closed-book, all questions can be answered using only pen and paper.
Calculators, mobile phones, etc. are not allowed to be used during the exam.
The duration of the final exam is 3 hours.

Please fill in all questions listed below. Each of the questions is valued equally in the
score calculation of the exam. Please tell if any question is unclear or ambiguous.

Question 1: Compton scattering

An x-ray photon is scattered when hitting a free electron in a target during a Compton
scattering experiment. The incident photon has wavelength 𝜆0 and energy 𝐸0 = 0.2 MeV
before scattering, and is scattered under an angle 𝜃 = 90∘. The wavelength 𝜆′ of the
photon after scattering is given by the Compton shift:

𝜆′ − 𝜆0 = 𝜆𝐶 (1 − cos(𝜃)) with Compton wavelength 𝜆𝐶 = ℎ
𝑚𝑐 ≈ 2.4 × 10−12 m

(a) What is the wavelength 𝜆′ of the photon after scattering?
(b) How much energy is transfered to the electron? Would the electron be moving at a
relativistic speed after the collision? (approximation to 1 significant figure is sufficient)

Question 2: Quantum Harmonic Oscillator

The time-independent Schrodinger equation for the harmonic oscillator is given by:

− ℏ2

2𝑚
𝑑2𝜓(𝑥)

𝑑𝑥2 + 1
2𝑚𝜔2𝑥2𝜓(𝑥) = 𝐸𝜓(𝑥)

and the ground state is: 𝜓0 = (𝑚𝜔
𝜋ℏ )1/4 𝑒− 𝑚𝜔

2ℏ 𝑥2 with 𝐸0 = 1
2ℏ𝜔

(a) Prove that the ground state wave function is indeed a solution of the time-independent
Schrodinger equation with energy 𝐸0 = 1

2ℏ𝜔 (write down sufficient in-between steps).
(b) Calculate the expectation value for the potential energy: 1

2𝑚𝜔2⟨𝑥2⟩ for the ground
state 𝜓0.

Question 3: 3D Particle in a Box

Assume a quantum particle with rest energy 𝑚𝑐2 = 6.2 MeV in a 3D box of dimensions
𝐿 ≡ 𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧 = 0.5 nm (a cubic box).

(a) Calculate the energy of the ground state (in eV).
(b) Assume that the system transitions from a state with quantum numbers 𝑛𝑥 = 3,
𝑛𝑦 = 1, 𝑛𝑧 = 1, to the ground state, by emitting a photon. What is the frequency of the
photon (approximately)?
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Question 4: Quantum hydrogen atom model

A hydrogen atom has energy equal to 𝐸𝑛 = −1.511 eV.

(a) What is the principal quantum number 𝑛?
(b) What are the possible orbitals for the electron to be in (ignore superposition states),
write down all possible combinations of quantum numbers: 𝑛, 𝑙, 𝑚𝑙.

Question 5: Effective atomic number/charge

A sodium atom (Na) in the ground state has configuration 1𝑠22𝑠22𝑝63𝑠1. The spectrum in
the figure shows some of the possible transitions of the valence electron with corresponding
(excitation/emission) wavelengths in nm.

(a) What is the energy of the 5s state (derive using given transition wavelengths and
value of 𝐸3𝑠 = −5.12 eV)?
(b) What is the effective atomic number 𝑍eff for the 3s state?
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Figure 1: Energy spectrum of sodium for energy-levels from 3s (valence electron in the
ground state) and above. The transition wavelengths for emission are shown for
some of the allowed transitions (in nm)

Question 6: Free electron model

The Fermi-energy 𝐸𝐹 corresponds to the highest occupied energy level at zero temperature
and is related to the electron concentration 𝑛𝑒 by 𝐸𝐹 ≈ (0.36 × 10−18 eV m2) ⋅ n2/3

𝑒 .

(a) Calculate the Fermi-energy of sodium (Na) using the electron concentration n𝑒 re-
ported in the table below.
(b) Sketch the density of states 𝑔(𝐸), the Fermi-dirac distribution 𝑓(𝐸), and the electron
density 𝑁(𝐸) = 𝑔(𝐸) 𝑓(𝐸) as function of the energy for a typical metal (i.e. free electron
model). Indicate where the Fermi-energy is.
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Fermi energy (eV)𝐧𝐞 (in 1028 m−3)Metal

4.724.70Li

?≈2.70Na

2.121.40K

7.058.46Cu

5.485.85Ag

5.535.90Au

Figure 2: Table with theoretical values of the Fermi Energy for Metals at 300 K Based on
the Free-Electron Theory

Values and formulas:

Mass of an electron: 𝑚𝑒 = 9.11 × 10−31 kg
Mass of a proton: 𝑚𝑝 ≈ 1836 𝑚𝑒
1 eV = 1.602 × 10−19 J
An atomic mass unit: 1 Dalton = 1.66 × 10−27 kg ≈ 5

3 × 10−27 kg
Bohr magneton: 𝜇𝐵 = 9.3 × 10−24 J/T = 5.8 × 10−5 eV/T
Joule in SI units: [J = kg m2/s2]
ℎ = 6.63 × 10−34 J s = 4.14 × 10−15 eV s
ℏ = ℎ

2𝜋 = 1.055 × 10−34 J s = 6.582 × 10−16 eV s
𝑐 = 3 × 108 m/s
ℎ𝑐 = 1240 eV nm
Rydberg energy unit: Ry = 13.6 eV
Rydberg constant for hydrogen: 𝑅𝐻 = 1.0968 × 107m−1 ≈ 1.1 × 107m−1

𝑚𝑒𝑐2 = 0.511 MeV

For a wave function 𝜓(𝑥) with 𝑥 ∈ ℝ, the expectation value of a function 𝑓(𝑥) is:

⟨𝑓(𝑥)⟩ = ∫
+∞

−∞
𝑓(𝑥) |𝜓(𝑥)|2𝑑𝑥.

Definite integrals:

∫
+∞

−∞
𝑥𝑛𝑒−𝑎𝑥2 𝑑𝑥 = 0 for 𝑛 odd

∫
+∞

−∞
𝑒−𝑎𝑥2 𝑑𝑥 = √𝜋

𝑎

∫
+∞

−∞
𝑥2𝑒−𝑎𝑥2 𝑑𝑥 = 1

2𝑎√𝜋
𝑎

Particle in a box: A quantum particle in a 3D infinitely deep square well of size
𝐿 = 𝐿𝑥 = 𝐿𝑦 = 𝐿𝑧 has wave function solutions 𝜓𝑛𝑥,𝑛𝑦,𝑛𝑧

(𝑥) and 𝐸𝑛𝑥,𝑛𝑦,𝑛𝑧
given by

𝜓𝑛𝑥,𝑛𝑦,𝑛𝑧
(𝑥) = √ 8

𝐿3 sin(𝑛𝑥𝜋𝑥
𝐿 ) sin(𝑛𝑦𝜋𝑦

𝐿 ) sin(𝑛𝑧𝜋𝑧
𝐿 ), 𝐸𝑛𝑥,𝑛𝑦,𝑛𝑧

= ℏ2𝜋2

2𝑚𝐿2 (𝑛2
𝑥 + 𝑛2

𝑦 + 𝑛2
𝑧)
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