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Complex Systems 
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Aqueous solutions often contain species that interact with one another and 
water to yield two or more simultaneous equilibria.  
Ex., for a sparingly soluble salt in water, there are three equilibria. 
   BaSo4(s) ⇔ Ba+2 + SO4

-2 

   SO4
-2 + H3O+ ⇔ HSO4

- +H2O 
   2H2O ⇔ H3O+ + OH- 
 

The addition of hydronium ions to this system causes the second equilibrium 
to be shifted to the right by the common-ion effect.  
 
The resulting decrease in sulfate concentration causes the first equilibrium to 
shift to the right.  
 
The introduction of a new equilibrium system into a solution does not change 
the equilibrium constants for any existing equilibria. 



11 A Solving multiple-equilibrium problems using A systematic 
method 
To solve a multiple-equilibrium problem, we must write as many independent 
equations as there are chemical species in the system.  
 
We use three types of algebraic equations to solve multiple-equilibrium 
problems:  
(1) equilibrium-constant expressions,  
(2) mass-balance equations,  and  
(3)   a single charge-balance equation.  

 

Mass-Balance Equations 
 Mass-balance equations relate the equilibrium concentrations of various 
species in a solution to one another and to the analytical concentrations of 
the various solutes.   
 These equations are a direct result of the conservation of mass and 
moles.  



Writing  mass balance equations may be as straightforward as the case of a weak 
acid:   
   HA+ H2O ⇔ H3O+ + A-  
   2H2O ⇔ H3O+  + OH- 
 

The only source of the two A-  containing species, HA and A-, is the original solute, 
HA, whose analytical concentration is cHA: 
    
   cHA = [HA] + [A-]   
 Hydronium ions in the solution come from two sources: the dissociation of HA and 
the dissociation of water.  
 
 [H3O+] = [H3O+]HA + [H3O+]H2O 
 
The concentration of hydronium from the dissociation of the acid [H3O+]HA is equal 
to [A-], and the hydronium concentration from water [H3O+]H2O is equal to [OH-].  
 
  Thus, [H3O+] = [A-] + [OH-] 
 

This is referred to as the proton balance equation because it accounts for all 
sources of protons  









11-4      Write the mass balance expression for a solution that is  
(a) 0.20 M H3AsO4 
  0.20 = [H3AsO4] + [H2AsO4

-] + [HAsO4
2-] + [AsO4

3-]  
(b)  0.10 M Na2HAsO4 
  0.10= [H3AsO4] + [H2AsO4

-] + [HAsO4
2-] + [AsO4

3-]  
  2(0.10) =[Na+] = 0.20 

(c)  0.0500  M  HClO  and 0.100 M  NaClO 
  0.0500 + 0.100  = [ClO-] + [HClO] 

  0.100 =  [Na+] 
(d) 0.25 M NaCl and saturated with CaF2 
  [F-] + [HF]  = 0.25 + 2[Ca2+]      [Na+] = 0.25 
(e) 0.1 M in NaOH and saturated with Zn(OH)2    
    which undergoes Zn(OH)2  + 2 OH-   ⇔    Zn(OH)4

2- 
  0.100  = [Na+]  = [OH-] + 2[Zn(OH)4

2-] 
(f) Saturated with BaC2O4 

              [Ba2+]=[C2O4
2-] + [HC2O4

-] + [H2C2O4] 
(g) Saturated with CaF2 
 [Ca2+]=½([F-] + [HF]) 
 



Charge-Balance Equation 
Electrolyte solutions are electrically neutral because the molar concentration of 
positive charge always equals the molar concentration of negative charge. 
 
 ( no. moles/L ) positive charge = (no. moles/L)  negative charge 
 
To obtain the charge concentration of an ion, multiply the molar concentration of 
the ion by its charge.  
 
Thus, the molar concentration of positive charge in a solution due to the 
presence of sodium ions is the molar sodium ion concentration: 
 
 mol positive charge = 1 mol positive charge × mol Na+ = 1 × [Na+] 
 L         mol Na+            L 

The concentration of positive charge due to magnesium ions  and phosphate ions 

= 2 X [Mg2+]      and  = 3 X [PO4
3-]       



- In some systems, a useful charge-balance equation cannot be written because 
not enough information is available or because the charge-balance equation is 
identical to one of the mass-balance equations. 
- For a 0.100 M solution of sodium chloride, the charge-balance equation can be 
written as: 
 mol/L positive charge = [Na+] + [H3O+] = 0.100 + 1 × 10-7 

 mol/L negative charge = [Cl-] + [OH-] = 0.100 + 1 × 10-7 
 

The charge-balance equation can be written by equating the concentrations of 
positive and negative charges: 
 

 [Na+] + [H3O+] = [Cl-] + [OH-] = 0.100 + 1 × 10-7 

 
e.g.    -  MgCl2 = 0.1 M 
 
Positive charge     2 [Mg+2] + [H3O+] = 2x0.1 + 1x10-7 

Negative charge     [Cl-1]  +  [OH -] = = 2x0.1 + 1x10-7 
 
2 [Mg+2] + [H3O+] = [Cl-]  +  [OH -] = 0.2 + 1x10-7                since       [H3O+] = [OH -]  
2 [Mg+2] = [Cl-] = 0 200 M 



[Cl-] 

( 0.1 M NH3 solution saturated with AgBr ) 



Write the charge balance equations for Q-11-4 

(a) [H3O+]=[OH-] + [H2AsO4
-] + 2[HAsO4

2-] + 3[AsO4
3-]  

(b) [Na+] + [H3O+]=[OH-] + [H2AsO4
-] + 2[HAsO4

2-] + 3[AsO4
3-]  

(c) [Na+] + [H3O+] = [OH-] + [ClO-] 

(d) [Na+] + [H3O+]+ 2[Ca2+] = [F-] + [OH-] 

(e) 2[Zn2+] + [Na+] + [H3O+] = [OH-] + 2[Zn(OH)4
2-] 

(f) 2[Ba2+] + [H3O+] = [OH-] + 2[C2O4
2-] + [HC2O4

-] 

(g) 2[Ca2+] + [H3O+] = [OH-] + [F-] 

 



Figure 11-1 A systematic method for solving multiple-equilibrium problems. 



Using Approximations to Solve  Equilibrium Calculations 
* Solving several nonlinear equations can be simplified by using suitable 
approximations.  
 
* Approximations can be made only in charge-balance and mass-balance 
equations, never in equilibrium-constant expressions. 
 
* If the assumption leads to an intolerable error, recalculate without the 
faulty approximation to arrive at a tentative answer. 
 

Use of Computer Programs to Solve  Multiple-Equilibrium 
Problems 
 
*Several software packages are available for solving multiple nonlinear 
simultaneous equations rigorously. Three such programs are Mathcad,  
Mathematica, Solver, MATLAB, TK, and Excel. 



11B Calculating solubilities by the systematic method 
The Solubility of Metal Hydroxides 













The Effect of pH on Solubility 
The solubility of precipitates containing an anion with basic properties, a 
cation with acidic properties, or both will depend on pH. 
 
Solubility Calculations When the pH Is Constant 
 
 









Solubility Calculations When the pH Is Variable 
 
Computing the solubility of a precipitate such as calcium oxalate in a solution 
in which the pH is not fixed and know is considerably more complicated. 
Thus, to determine the solubility of CaC2O4 in pure water, we must take into 
account the change in OH2 and H3O1 that accompanies the solution process. 
In this example, there are four equilibria; 
 
   CaC2O4(s) ⇔ Ca+2 + C2O4

-2 

  C2O4
-2 + H2O ⇔ HC2O2

- + OH- 

  HC2O4
- + H2O ⇔ H2C2O4 + OH- 

  2H2O ⇔ H3O+ + OH- 

In contrast to Example 11-7, the hydroxide ion concentration now becomes 
an unknown, and an additional algebraic equation must therefore be 
developed to calculate the solubility of calcium oxalate. It is not difficult to 
write the six algebraic equations needed to calculate the solubility 
of calcium oxalate (see Feature 11-1). Solving the six equations manually, 
however, is somewhat tedious and time consuming. 



The Effect of Undissociated Solutes on  Precipitation Calculations 
 
 
A saturated solution of silver chloride contains significant amounts of 
undissociated silver chloride molecules as well as silver and chloride ions. 
 
 
  AgCl(s) ⇔ AgCl(aq) 
  AgCl(aq) ⇔ Ag+ + Cl- 
 
 
The equilibrium constant  
 
  K =  [AgCl(aq)]/[AgCl(s)] 



Where the numerator is the concentration of the undissocited species in the 
solution and the denominator is the concentration of silver chloride in the 
solid phase. 
  [AgCl(aq)] = K[AgCl(s)] = Ks = 3.6 x 10-7 
 

The equilibrium constant Kd for the dissociation reaction is  
 
  [Ag+][Cl-] = Kd = 5.0 × 10-4 

  [AgCl(aq)] 
 
The product of these two constants is equal to the solubility product: 
  [Ag+][Cl-] = KdKs = Ksp 
  





The Solubility of Precipitates in the Presence of Complexing Agents 
 
The solubility of a precipitate may increase dramatically in the presence of 
reagents that form complexes with the anion or the cation of the precipitate. 
 
Ex., fluoride ions prevent the quantitative precipitation of aluminum 
hydroxide although the solubility product of this precipitate is small  
(2 ×10-32). 
  [Al(OH)3(s) ⇔ Al+3 + 3OH-] + 6F- ⇔ AlF6

-3 

  
The fluoride complex is sufficiently stable to permit fluoride ions to compete 
successfully with hydroxide ions for aluminum ions. 











Figure 11-2 The effect of chloride ion concentration on the solubility of AgCl. 
The solid curve sows the total concentration of dissolved AgCl.  
The broken lines show the concentrations of the various silver-containing 
species. 



11C Separation of ions by control of the concentration of the  precipitating 
agent 
 
Several precipitating reagents permit separation of ions on solubility 
differences.  
 
Such separations require close control of the active reagent concentration at 
a suitable and predetermined level., and is usually achieved by controlling 
the pH of the solution with suitable buffers. 
 
This is applicable to anionic reagents in which the anion is the conjugate base 
of a weak acid. 
 
 







Sulfide Separations 
Sulfide ion forms precipitates with heavy metal cations that have solubility 
products that vary from 10-10 to 10-90 or smaller.  
 
The concentration of S-2 can be varied over a range of about 0.1 M to 10-22 M 
by controlling the pH of a saturated solution of hydrogen sulfide.  
 
These properties make possible a number of useful cation separations. 
Consider the precipitation of the divalent cation M+2 
 

  MS(s) ⇔ M+2 + S-2   Ksp = [M+2][S-2] 
 H2S + H2O ⇔ H3O+ + HS-  K1 = [H3O+][HS-] = 9.6 × 10-8 

      [H2S] 
 
 HS- + H2O ⇔ H3O+ + S-2  K2 = [H3O+][S-2] = 1.3 × 10-14 

      [HS-] 



   Solubility = [M+2] 
Thus, we may write as a mass-balance expression: 
   [S-2] + [HS-] + [H2S] = 0.1 
Calculation can be simplified by assuming that ([S-2] + [HS-]) << [H2S] 
   [H2S] ≈ 0.10 M 
 
The two dissociation-constant expressions for hydrogen sulfide can be 
multiplied to given an expression for the overall dissociation of hydrgen 
sulfide to sulfide ion: 
  H2S + 2H2O ⇔2H2O+ + S-2 K1K2 = [H3O+]2[S-2]= 1.2 × 10-21 

           [H2S] 
 
Substituting the value for [H2S] and re-arranging, we get: 
  [S-2] = 1.2 × 10-22 

               [H3O+]2 



 
 
 
 
Figure 11-3 The sulfide ion concentration of a  
saturated hydrogen sulfide solution varies  
inversely with the square of the hydrogen  
ion concentration. 
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