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A calculation of the variations of the energy and oscillator strength of the ground state of an exciton in an 
ionic quantum dot as a function of the dot size, using a parabolic confining potential and a variational ap-
proach, is presented. The strong exciton–phonon interaction is taken into account by using an effective 
potential between the electron and the hole as derived by Pollmann and Büttner. The values of the exciton 
binding energies calculated using this potential are compared with those obtained using statically screened 
Coulomb potential and are found to be considerably larger for all values of the quantum dot size. In small 
quantum dots, the electron–hole correlation is reduced as the single particle energies scale at a much 
faster rate than the interaction energy. This is manifested in the behavior of oscillator strength, which be-
comes less dependent on the form of the effective interaction as the quantum dot size is reduced. 

1 Introduction 

With the advances in modern fabrication techniques, it has become possible to grow low-dimensional 
systems such as quantum wires and quantum dots with well-controlled dimensions and compositions. 
These structures, where quantum mechanical effects are strongly manifested, have become the subject of 
intensive experimental and theoretical investigations during the past decade [1]. The inherent fundamen-
tal physics and the potential use in designing more efficient microelectronic devices are among the two 
motivations of strong ongoing interest in these highly confined systems. In particular, quantum dots are 
used as the key structure in some important applications, such as the recent realization of ideal single-
photon source, which uses the anharmonicity of multi-exciton transitions in a single quantum dot [2]. In 
fact, the optical properties of quantum dots have been known to be promising for some time. For in-
stance, quantum dot-based laser devices are expected to have superior performance [3].  
 In recent years there has been a great surge of interest in studying the electronic and optical properties 
of quantum dots based on wide bandgap semiconductors for their potential applications in opto-
electronic devices in the blue and ultraviolet regions of the spectrum. Quantum dots based on GaN [4], 
ZnSe [5], ZnO [6], MgO [7], CuCl [8] and CdS [9] have been fabricated and their properties are studied 
in considerable detail. It has been suggested that the lasing mechanism in these systems is excitonic in 
nature and therefore can lead to lower values of the threshold current densities. Consequently, a proper 
understanding of the exciton related phenomena in these confined structures is of considerable impor-
tance. Of particular interest are the recent studies of polaronic effects on quasi-zero-dimensionally con-
fined excitons [10–16]. Interestingly, the conclusions on the size dependence of the exciton–LO-phonon 
interaction in a quantum dot system are not uniform and even contradictory. Some groups point out that 
Fröhlich type exciton–LO-phonon interaction should vanish in small nanocrystals. However, in another 
study, using a donor-like exciton model and adiabatic approximation it has been concluded that exciton–
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LO-phonon coupling strength is independent of dot radius. This was contradicted in another work, which 
claims that polaronic effects in a donor like exciton should increase with decreasing dot size (for further 
discussion see Ref. [15] and the references cited therein). In view of these divergent conclusions, the 
problem of exciton-phonon interaction in a quantum dot deserves further attention. 
 In polar semiconductors the excitonic properties are significantly altered due to the influence of the 
exciton–optical-phonon interaction. For instance, exciton binding energy is enhanced, depending on the 
strength of this interaction. A proper description of the nature of this coupling among electrons, holes, 
and phonons should not be oversimplified. This effect must be properly described by an effective elec-
tron–hole interaction and not by simply assuming that the electron and the hole band masses are renor-
malized to their respective polaron masses. In fact, the polaron-like interaction between electrons and 
holes depends on their mutual distance in such a way that when this is much larger than their polaron 
radii, the electron and the hole interact like polarons through the statically screened Coulomb potential. 
In the opposite limit, however, when their distance is less than their polaron radii, the two oppositely 
polarized virtual phonon clouds around each particle overlap and partially cancel out their renormaliza-
tion effects, so that the electron–hole interaction approaches the dynamically screened Coulomb interac-
tion. Such a description of the effective electron–hole interaction, encompassing the above mentioned 
limiting cases has already been given through some effective potentials [17–21].     
 In this paper, we present a variational calculation of the exciton binding energy and oscillator strength 
in quantum dots made up of polar materials. The exciton-optical phonon interaction is accounted for by 
means of the effective potential derived by Pollmann and Büttner (PB) [18, 19]. As a model of quasi-
zero-dimensional confinement a spherically symmetric parabolic potential is used. We show that the 
quantum dot type confinement has drastic effects on both the ground state energy and the oscillator 
strength of the exciton. The description of an excitonic state with the screened Coulomb interaction po-
tential is known to have a limited validity, leading to reasonable quantitative results only for weakly 
polar materials such as GaAs. With the use of an appropriate effective interaction potential the exciton in 
a polar quantum dot will be shown to be much more compactly bound, with higher binding energies, and 
in particular with very pronounced oscillator strengths. 
 In the next section we provide the theoretical framework of our calculation. The results for three selec-
tive polar materials (GaN, ZnO, and CuCl) and a brief discussion of PB effective potential together with 
confinement effects will form the last section.    

2 Theory 

The Hamiltonian of an interacting electron–hole pair, perfectly confined in a parabolic quantum dot, and 
in interaction with the bulk LO-phonons is given by 
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where, the subscript i = e and i = h denotes an electron and a hole, respectively, mi are the isotropic ef-
fective masses, ir  are the position, and ip  are the momentum operators. The Coulomb interaction poten-

tial is screened with high frequency dielectric constant ε
∞
. The terms Hph and Hexc-ph describe the bulk 

longitudinal optical (LO) phonons, and the well-known Fröhlich-type interaction of the electron and the 
hole with the dispersionless phonons of frequency LOω , respectively. In the present study, we consider 

the exciton to be interacting with the bulk phonons only, rather than explicitly dealing with confined, 
surface or interface phonon modes. Such an approximation is motivated by the fact that in quantum wells 
the interaction of an exciton with all three phonon modes (confined, interface, half-space) can effectively 
be reduced, with a good degree of accuracy, to a bulk-phonon–exciton interaction, as it has been shown 
by several groups [22–26]. 
 Transformation to center-of-mass and relative coordinates, ( ) /e e h hm m M= +R r r  and e h= −r r r , respec-

tively, separates the kinetic and potential energy terms of the Hamiltonian. The part corresponding to the 
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center-of-mass motion has the form of a simple harmonic oscillator with the total mass e hM m m= + , 

which contributes subband energy of 3/2 Ω�  to the total ground state energy. We express the remaining 

part, which turns out to be the effective Hamiltonian of the system, in terms of the relative coordinates 
only: 
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where /e hm m m M
µ
=  is the exciton reduced mass and the last two terms eff ( )V r  and selfE  describe the 

effective electron–hole interaction, and the polaronic self energy, respectively. The effective Hamilto-
nian given in Eq. (2) without the confinement potential is derived by Pollmann and Büttner [18, 19] and 
successfully explains the measured values of the exciton binding energies in bulk ionic semiconductors. 
The polaronic terms are given in the form 
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are the dimensionless phonon-coupling constants, and the characteristic polaron radii for the electron, the 
hole, and the reduced mass m

µ
, respectively. The remaining coefficients have the following explicit 

forms: 
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In the above, all the terms have dependence on a quantity, exciton radius exa , which is to be determined 

variationally.  
 Originally the Pollmann–Büttner effective potential between the electron and the hole was derived for 
a bulk semiconductor using a one parameter hydrogenic trial wavefunction, 0 0( ) exp ( / )r N r aΨ λ= − , 

where 2 2
0 0 /a m e

µ
ε= �  is the exciton Bohr radius. Consequently, the value of the effective exciton radius 

used in the effective Hamiltonian has a bulk limit given by 1
ex 0 0 0| 1/ | /a r aΨ Ψ λ

−

= 〈 〉 = . In the case of 

confinement, however, the variational trial wave function we use contains a Gaussian envelope function, 
which is compatible with the nature of the dot-potential geometry: 

 2 2
0( ) exp ( / ) exp ( / )dr N r a r RΨ λ ν= − − . (7) 
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In the above, N is the normalization constant, λ  and ν  are the two variational parameters, and 

/ 2dR m
µ
Ω= �  is a characteristic length of the confinement which we will define as the effective ra-

dius of the quantum dot. With the number of variational parameters increased from one to two, the exci-
ton radius to be used in the effective Hamiltonian should now depend on both of them: 

1
ex | 1/ |a rΨ Ψ

−

= 〈 〉 .   

 We should also note that in this treatment of the effective electron-hole interaction, the renormaliza-
tion of the electron and hole masses is not needed as shown by Pollmann and Büttner in their work [19]. 
We assume that the above form of the effective potential, which is derived for bulk, is not significantly 
modified in the presence of the external confinement. Such an approximation has been used successfully 
in the case of a polaronic exciton in a magnetic field [27].  
 To calculate the ground state energy, the expectation value of the effective Hamiltonian, Eq. (2) is 
minimized with respect to the variational parameters λ  and ν . We define the quantity BE  as the exciton 

binding energy, which is given with respect to the subband energy of the parabolic potential, and the self 
energies of the electron and the hole polarons, 

 3
LO eff2 ,

( ) min | |B e hE H
λ ν

Ω α α ω= − + − 〈Ψ Ψ〉� � . (8) 

The expectation value of the effective Hamiltonian is analytical, but the final expression is rather lengthy 
and will not be presented here. 
 We feel that the binding energy of an exciton in a quantum dot needs a clarified definition. In general, 
the term “binding energy” refers to the amount of energy required to break the bound state of the e–h 
system and to put the constituent particles in their one-particle states. Such a transition is possible in 
bulk, in a quantum-well, and even in a quantum-wire, where the electron-hole pair can be spatially sepa-
rated in at least one free dimension. However, in a quantum-dot type confinement, where the exciton is 
considered to be perfectly confined inside the dot, the electron and the hole cannot be found in uncorre-
lated one-particle states. Therefore, the quantity defined in Eq. (8) actually corresponds to the Coulomb 
correlation energy of the exciton. In the following, the term “binding energy” should be interpreted 
within this context.      
 For comparison purposes we also consider the simpler model of polaronic exciton, in which the Cou-
lomb interaction between the electron and hole is statically screened by 0ε , and the self-energy term is 

taken as the sum of individual polaron self-energy shifts of the electron and the hole. Neglecting the 
effects due to the overlapping of the polarization fields of the particles entirely, this model is valid in the 
shallow exciton limit only. We will denote the exciton binding energy calculated with the static screened 
interaction model by ( )s

BE , and similarly the other corresponding quantities will be referred to with the 

superscript (s).   

3 Results and discussion 

We have calculated the variation of the exciton binding energy as a function of the radius of the dot in 
GaN, ZnO, and CuCl. The values of the various physical parameters used in our calculations are given in 
Table 1. In Fig. 1 we display our results in these three systems. The solid curves are obtained using PB 
potential and the dashed curves are obtained using a static screened Coulomb potential. First we find that 
the value of the exciton binding energy increases as the dot size is reduced in both cases, as expected. 
And second, the value of the exciton binding energy in a given material obtained using PB potential is 
always larger than its value calculated using static screened potential.  
 In Fig. 2 we plot the difference between BE  and ( )s

BE  as a function of dR . We find that as the value of 

dR  is reduced this difference stays about the same until dR  becomes comparable to the effective exciton 
radius. This difference then increases rapidly as the value of dR  is reduced further. It is clear that the 
deviations from the static screening case, namely, the importance of the polaronic effects can be very 
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striking for highly polar materials such as ZnO and CuCl. For the case of CuCl, for example, the binding 
energy calculated with PB potential is much larger and the effective exciton size is much smaller than their 
corresponding values obtained with the statically screened Coulomb potential. The correction brought about 
by the PB potential is not significant for weakly polar materials such as GaAs, but it be comes quite striking 
as the ionic character of the crystal increases. However even for GaAs, in very small quantum dots 
( 0~ 0.1dR a ), the predicted enhancement in exciton binding energy using PB potential is about 10%.  

 As shown in Fig. 1, even in the bulk limit, 0dR a� , the enhancement in the exciton binding energy 

brought about by using the PB potential is significant. With the inclusion of PB effective potential, the 
value of the exciton binding energy in GaN increases by 13.5%, in ZnO by 63%, and in CuCl by as 
much as 139%. For a qualitative understanding of such an enhancement in the values of exciton binding 
energy, it is instructive to consider the form and the limiting cases of the PB effective Hamiltonian.   
 

Table 1 Values of the various physical parameters used in the calculation. The electron and the hole 
masses are expressed in terms of the free electron mass. The LO-phonon energies are given in meV. Sym-
bols are defined in the text. 

Material me 

(m0
) 

mh 

(m0) 
ε 0 ε

∞
 ħωLO 

(meV) 
α e α h Re 

(Å) 

Rh 

(Å) 
a0 

(Å) 

GaNa 0.2 0.8 9.8 5.4 92.0 0.45 0.90 14.4 7.2 32.4 

ZnOb 0.28 0.59 8.6 4.0 72.0 0.97 1.41 13.7 9.5 24.0 

CuClc 0.44 3.6 7.4 3.7 27.2 2.01 5.73 17.8 6.2 9.99 

aRef. 31, 32; bRef. 18, 21; cRef. 21, 33 

Fig. 1 Variation of the exciton binding energy as a 
function of dot size in (a) GaN, (b) ZnO and (c) CuCl. 
The solid curves ( BE ) are obtained using Pollmann–

Büttner effective potential. The dotted curves, corre-
sponding to ( )s

BE , are drawn using statically screened 

Coulomb potential. 
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The first term in Eq. (3) corresponds to a statically screened Coulomb interaction. As compared to the 
original form of the Hamiltonian (1), the elimination of phonon coordinates to obtain an effective elec-
tron–hole interaction transforms the Coulomb interaction from a dynamically screened to a statically 
screened one, in the leading order. However the remaining terms in Eq. (3) as well as the self-energy 
expression, Eq. (4), are essential to describe the detailed and non-trivial interaction of the two charges 
with opposite polarization fields around them. The crucial parameter that determines the form of the 
effective interaction is the ratio of the exciton radius exa  to the polaron radii iR . It is instructive to check 

the limiting cases of this ratio in an ionic material. In the limits of weak and strong binding it is easy to 
show that 
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For large exciton radii the self-energy approaches the free polaron values. For very small exciton radii 
the self-energy of the exciton vanishes because the polarization clouds of the electron and the hole cancel 
each other. Similarly, 
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With these reasonable limits, PB Hamiltonian gives a successful description of polaronic excitons [19, 
27]. In the present study the main effect of the confining potential is to shrink the charge densities of 
both the electron and the hole, decreasing the relative distance between them; which in turn makes the 
effective electron–hole interaction potential to be less screened through the PB term. Therefore, the high 
degree of confinement leads to vanishing of polaronic effects in the exciton state. The same conclusion 
has been reached by another group in their recent work [15] on size dependence of polaronic effects on 
an exciton in a quantum dot.   
 Another quantity of interest is the oscillator strength, which is sensitively dependant on the confine-
ment of the electron and hole wavefunctions and the overlap between them. Using the envelope-function 
approximation, the oscillator strength for the exciton ground state is given by [28–30] 

 
2 2

ex ex
0

2
( , ) de e e

P
f r r r

m E
ψ=

∆
∫  (11) 

Fig. 2 Variation of the difference between 

BE  and ( )s
BE  as a function of quantum dot 

size in GaN, ZnO and CuCl. 
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where P describes the intracell matrix-elements, 0m  is the bare electron mass, ex 0E E E∆ = − , exE  and 

0E  are the energies of the states with and without the exciton, respectively. Since we are interested in 

comparing the effect of using PB potential on the oscillator strength with that of using the screened Cou-
lomb potential, we calculate the ratio of the two oscillator strengths. This ratio can be expressed in terms 
of the energies and the wavefunctions corresponding to the relative coordinates only, 
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In Fig. 3 we plot the variation of this ratio of two oscillator strengths as a function of the dot size. We see 
a trend similar to that exhibited in the plots of the binding energies, the enhancement being much greater 
for the polar quantum dots. In the bulk limit, with the PB potential, we see that the oscillator strength is 
actually almost 7 times (5 times) larger than the value obtained with the Coulomb potential for CuCl 
(ZnO). Although both exf  and ( )

ex
sf  increase with the decreasing dot size, their ratio starts to get smaller 

and approaches unity in the high confinement limit. This is because in very small dots, the confinement 
effect takes over and strongly suppresses the correlation between the electron and the hole, thereby re-
ducing the significance of the Coulomb interaction.     
 We have used an effective mass approximation to calculate the energy levels of electrons and holes 
and the binding energies of excitons in ionic quantum dots. This approximation becomes less valid for 
the electron and the hole energy levels when the dot sizes are smaller than the corresponding Bohr radii. 
However, as we are primarily interested in investigating the changes in the exciton binding energies and 
oscillator strengths due to the exciton–phonon interaction, we believe our results are fairly meaningful 
even in smaller dots. 
 In summary, we have calculated the variations of the binding energy and the oscillator strength of the 
ground state of an exciton in an ionic quantum dot as a function of the dot size using a parabolic confin-
ing potential. The strong exciton–phonon interaction is taken into account by using an effective potential 
between the electron and the hole as derived by Pollmann and Büttner. The values of the exciton binding 
energies thus calculated are compared with those obtained using statically screened Coloumb potential 
and are found to be considerably larger for all values of the quantum dot size. The confinement effects 
enhance the effective interaction between an electron and a hole and thus increase the exciton binding  

 

  

Fig.  3 Variation of the ratio of oscillator 
strengths as a function of confinement in quantum 

dots of GaN, ZnO and CuCl. exf  and ( )
ex

sf  are the 

oscillator strengths as calculated using Pollmann–
Büttner and statically screened Coulomb poten-
tials, respectively. 
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energies. However, the enhancement of the effective interaction does not lead to its dominance in small 
quantum dots as the kinetic energies and the single particle energies scale at a much faster rate than the 
interaction energy so that the electron–hole correlation is reduced. A signature of such a trend is seen in 
the behavior of the oscillator strength, where it is seen that with the increase of the degree of confine-
ment the oscillator strength of the exciton ground state becomes less dependant on the form of the effec-
tive interaction.      
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